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Ile'laTa110 no 011 p•~1d> .. wni1-0 Ofim:~cTHa EcTCCT11011cnMTarn,wri npn 
H M n e p a T o p c K o M ·i. l\a:1a11c1wM·i. ynnuepcwrerb. 

11 peo11;1.een. A.. Illmy1ceH6epio. 

0 LlABllEHIVI 

1K M n K 0 IT C T P Y I1 H A K JI I1 H 'b. 

I Cooorr(Cllie k:. n. HoTCJILRHKOBa, 

1ur•raHHOe J 6-ro CeH'r. 1.889 r . ll'L 90-M'L aadi1~ania lf1HSH1co-MaTexaTH11CcEofi 
cem:~ilr Oou~. J<;m•ecTB. upu: I~a3ttHCE. Y HHllepcHTe'l"Il. 

M@ oy ,n:e:M'b l'OBOpIITb 0 }l,Bl'.Lllteflill .iltll,!l;ItOC1'H, npOllCXO,!l;.ll·· 

n:r;eM'h C'b lIOTeHI:r;ia.1IOM't C!tOpOCTeii napa11.1Ie.!IbRO IIJIOCitOC'l'l1. 

IlpoBe,!l;.ll Ha O,!l;HOH ll3'b 'l"llX'f, llJIOCltOCTeii, B'b f\OTOphlX'L upo

IICX0.11.HT'L Jl,BUJKeHie, OCH ox H oy upHM:OJIHHe:HHOH npRMoyroJih

noii CIIC'l'eMFJ 1toop.u;1rna1"b H aa3hlBa.a qepes'I, x Hy rwop.n;1rnaThl 

T\altOH JIIIOO qacnrn;@ JKl-f)J;IWC'l'H, JJeata n:r;eit aa 8TOH TIJIOCIW

CTH, Mhl oy.n;eM'h l13C.JJ 'BJIOBaTh Jl.Bl:I .llteHie .ift ll)l,ItOCTil TOJibIW B'h 

IIJIOCTOC'I'lil xoy 1160 TO.lfteCTBeBBO C'L Jl.Bl1JReHieM'b B'L 8TOii II.JJO

CIWCTH 6y .n;eT'b npOHCXOJl.H'l'b ,!l;BH lrtenie H no BCtXT. 11.JJOCltOC'l'RX'J, 

1rnpa.11.JJe.JJ1B11x·i, C'J, Hero. 

Bcimiti pas1J , rt0t'JJ.a )l,B11.11teHie .11m;(1t0cTrr npoHCXO,ll,HT'h 

napaJI .11euno u.rncrwcrn C'h n0Tem1ia;10M'I:> crtopocTeil, cyn:r;ecT

nyeT'I> cpymrn;i51 1:toMnJieltC.Bnti rrPpeM.t1rnoi1: z = x+iy (aasoneJ1f'T, 

ee w) o6JJa)J,aron:r;a5i c.rr'hy1on:r;IIJ1rn CBOiiCTBa~rn *). 

1. EcJrn Mhr rrpe11.cTam1M·1 w U'h BHJl.1> <p + ir.p, r)l,t <p n 1P 

cyTt Bem;ecTBeHHWl <flymtn,itt nepell'l'llHHhlX'b x li y, TO <p 6y.n;e'l''J, 

IIO'l'eBI:r;ia.JJOM'b CitOpOC'l'CH pascMaTptt.BaeMaro Jl.BHlfteHiJl, a 11J

cflyH1:tD,ieli Torta. Ta1rnJ11'1 o6pa30M'I:> yp. BHP.a tp = const. 6yJ1.eT'h 

yp . .JJirniH 1'0Ita, a pasHOC'l'h 3HatieHiii tPymtIJ;iH 'lfJ B'b JJ.BYX'h 

') no,woowf.e C~I. Kirchhoff. \" orlesungen iibel' Mathematiscbe 
Pbysik. Vorlesungen 21 n 22. TaKme Lamb, A treatise on the ma
lhcmatical theory of the motion of fluids. 
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to1rnaX'.b B fl A tpu-tfJ A rrpeJJ,C'r».BWt"t, 0t1 r.<~M · t, .arn,u;rwcTH nno • 

Teita10m;eii B'I> e.n.umuw Bpeilrnmr 'IC!JC3'h l\ 11 .rnH.1\pM11ecEy10 rro

nepxHocTL, IlM'BlOll\YIO OCHOBaHiCM'I> JllHl l 10 An, JI llhlCOTa IW 

'l'Opoil pasea 1, rrpwreM'.D CtJMTaeTcJ1 rranpa1urerrie .1nmi11 AB 

O'l''h A It'h B EI 06'.DeM·.r. J1m,u;rtOC'l'H , up0Te1~arorn,il1 CJ1·Jrna .1rn 

niu AB na upaBo rro;10i1tn'l'e.l!hHJ.JM'h , a npoTeitarom;i ii cnpa Ba 

ea drno-0Tp1n:i;aTeumnn.. 

2. Ilo CBOMCTBY npOII3BOJJ;HOi£ OT'.b o6p8.'1'110H <!Jymw,in, 

MLI RM'J3C!l1'h: 

d,cp . dcp 
- +1.-

:~ d~ ~ dT_
1

i~ ·~ v <l<f) ~; (~) ( /(;) ~-) ')~ 
dz dx rly (dx dy V dx dy 

= Z: ,- i; +i"r) (1). 

Boo6pasHw:r. n.JJOCIW<"t'J, Z 1rn.pa.11.11eJJf.ayro .1tJ1oc1wcTn xoy, 

npo11e,u;eM'f. B'.h 3TOi1 UJ[OCitOC'l' l l ll[l:JMO.IU11Jeiiny10 llJW MOvrO.llhny10 

CllCTeTy 1wop.n;1rnaT'I> ~OYj, OCH lfl)'l'Opoi~ U)Q'rH'b'l'C'l'B0UflO uapa

JJJleJil>Hhl ocmYr'I> ox n oy H 6YJJ,C.M'r.. 1w11rn.11eitcuoe 11 epcJ11:lmnoe 

~ fJ306pa.maTh TO'IKOH Ha lAJJOClWC'l'H ~- Bc~rn.o tf TO•m:h UJIOCitO

CTll xoy 6yJJ;eT'b C001'B'.BTCTl30BaTb 1'0111.\a w1. UMG.l~OC TH ;; 11, 

ItaK'I> IIOita3hlBaeT'b paBeITCTBO (1) , pa;(iyc'J, neF;'l'OP'J, flTO:iii TO'l

RH 6y,u;eT'I> napa;rneJieH'L CIWpOCTB 11acTHJJ;bl (rc ,y) 1) M 6y p;eT':b 

paBeH'I> ~; Tait'.b 'ITO T0'1Ii'B, CROpOC'I'b ItOTOpOM pa1ma 0, oyAC'l''I> 

B'h IIJJOCROCTll ;; COOTB'.kl'CTBOBaTh TO'IIta 6esrwae11ao y;i;aJJeHnaa, 

TO'I&'B ate, CitOpOCTh lWTOpOH = CO-Ha'IaJ10 ItOOp,!\H.EiaT'I>. 

TartHM'h o6pasoM'h Mhl 6y,ii;eM'I> pascMaTpl1naT1 TPH rt0M

nJie1tcHLIH nepeMenn:r,n1 z, w, ;;. Kam,u;y10 IIS'I> 8THX'I> nepeJYdrn

ULIX'I> Mhl 6yp;eM'.b npep;cTaBJJJITh TOlJROlO Ha n.JIOCROCTH, nep~-

11dnrnyro z Ha IlJIOCROCTll z (nJJOCKOCTh xoy), nepeM'.bHHyro ,_ 

ea IIJIOCROCTB t:, nepeM1rny10 w-na· IIJIOCKOCTH w. Bc1i TPH 

IIJIOCIWCTH npe~CTaBIJJI'I> ceof, napaJ1J1e.iJJ>IIhll\UI Il npone,ll,BJ\ll'I> na 

IIHX'.b OCH xoy, (;OYj, <poip, TaRJite COOTB1>TCTBeJ:IHO napa;uen-

~ s ...... 

nw;1. 'l'aI\.'L R:1J1'J, !.111.ilt,ll,LUI )~B'h 1!3'.L nepei\t8HH1IX'b z, ' H w MO

ry'f'r, 6r>I'l'L r)a::;cMaTfl!llMCMhl ruun. tpyirnn, i 11 3-eii rrepeM·lmaoi'i, 

TO rtaa1.µ;oii 'L'0 1Ildi Ll'l) 0)1,HOM H3'h llJIOCIWeTe:ii 6yJJ;CT''Jj COO'l'Bi>T

C'I'BOB8/!'T1 Jl \) Rp~1i;! Hefi M1Jpf; 110 O}l_llOti TO'lK'fi B'.h )J;HYX'I> iJ,py

rHX'J) I!JfOUWC'l';JX'j, il 06.lf:t("l"i, B'1 lW'l'Opoti JVdrnJle'l'Cll o,u;Ba H3'I> 

m~pe:M :lHJH J.JX'J, oyJ\Y'l"f, COO'l'Bi.'l'CT lJ(HiUTh 06.11'tCTB p;pyrHX'b ,u;syx1, 

nepel\rlrnnux·1>, uuyTpB rrnTOptJX'b a·rn nepe1rlrnm,i51 6y11.y·1"1 lf3-

M·hm1Tca. 

§ 1. IlyC'l'b o6:ta.<"l'h uepel\rlmnoil z aa.trn'l'a CTpyeii ittvl.ll-

1wcTH CO, 1w1 opa.a H)l.H'l"J, 11a·r, oe:Fwne1rnoc'l'H, n, BCTpt11a11 

rt.nawr. AOB, pa.a1rJrnaeTCil 11M'.b na ,11,B'B CTpyH DE H FG. 

Bs.HJYb ua<Ja.rn cncTeMhl rwop.11.n11aT'h xoy ri'h nepnnrn1:; rtnrna 

u aaupa:i11B'b ocb :z; no o)[n oii: u s·r, ero CToporn, :iasoneM'I> pn: 

yroJ11, I\ .. 1rrna p8 , pa,, pa, yrJThI o6paaye!l'rne ~ oc110 x Haupan

.JieBin11111 cTpy it 00, ED, FG :n, nearwHe'rnOCTIL OooaHa'lHM'b 

'Iepes'I> 2b w11pnn \' 11 01'or1a. irn (.e;m.orre'IHOJl:l'J, pa:w1·o:rni11 OT'L 

Ha'taJJa EOop;~HU:lTb 11,0 RCTpil rm ero C'h lUlI1E OM'h H 1!epe~3'f, Vo 

ooll(ym cr:opoC'l'h ero •rncrnu,1. H'b 6e;rnoFteTinocTn; 'l'Or;~a 06·1;

eM 'b jl\.H)l.ROCTH, npore1:.:nom.ett w1 e,u;inlin\Y npeMeBM qcpe:n no-

nepe11:i ioe drrnnie C'l'JJp1 ~~ 2bv
0 

( npe11 noJ1ara.i1, 'I'l'O n£Imam1. 

e'rpy11 = 1.) 0 

~ 
G 

E cl>Hr. 1. 

l* 
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,ll;onyCTilM'L, 'ITO na JKH}l,-ItOC'l'I, ne 1d 1iiCTDYl-OT'L CHJJiJ ll 'ITO 

pascMaTpHBaeMoe ;~nnar.enie ecTh ycnino111mnreccn i(BHateeie C'Ii 

rroTem:~iaJJoM·1 cRopocTeli. II pe;1, llOJ1 o;1t11 M 'h rtpow.h Toro, 11ro 

o6'LeMhl JKII}l,ROCTII, rrporeRaIO~ei\ 'ICJlC!l'h ll011Cpe1IEJhl.H c'.f>qeHi.11 

CTpyii DE II FG, p ~ 1 . 1rnr.1 H 11To 1111 c1w60;(111i1x·r. rpa1rnl(ax1, 

crpyII, T. e. Ha rrpor.aJ1.tc11i11 JJ1111ii1. (Jl) !C, GFG, AE H BG 

}l,aBJieHie IIOCTOJIHHO. 

IlocMorpnMT· 11.a1wua l\OJL11tmt 01>1T1 06J1ac'1'1 w, cooTwl>r

CTBy10~a}1 00Jcac-n1 z ::iaH.HToi1 J11111.J1tyn:1,ci:ici1 .llrnJ1,1wcTMO . .IIHnia 

ODE ecn JJ11nfa1 To1ta, cJd3}J.onaTeurro na aei1 nes11:£ <Pymtl(i.11 

¥' 6y.n,e'f'J, llM'Bl'b 0)1,RO JI TOJJte 3Ha11enie, JW'l'Opoe MIJ MOJKCM'L 

C}l.ilJJaTh = -bv
0

, npu6anJJ.irn It'L <Pymcl(iM 1p 11·.l:rcoTopym noc·1·0-

J:1HHy10. Ho 1rnn1lcTHO, 'ITO noTeHI(iaJ1baan •Py mrn,ia noc·1·oaeno 11 

eeorrpewnJieao nospacTaeT'h, ecJrn MJ:J l1)1,e11n no J11rniu roRa 

B'L TY cropoey, rty;i,a Te11eT1, ;1u1.JUWC'l'h H y61Juae'l"h n·r. 11po

'l'HBHOM'.b c;1y11at. IloaToMy tf>ymtl(iJJ gJ B'L TO'llt'B 0 ,l\oucrna ObITh 

=-m, a B'J, E = ...,-oo u JJJrnitt ODE /J,O .~JJrna coOTB'.hTcrnonan 

Be.a npirna.11111 = -bv
0 

B'L nJJocrwcTH w . . JI1rnin OFG ecn TaJC;rre 

JJIIBia '!'Oita, Hll. eeii: ¥' Tart.ate 6 y )\ C'l''b paBH.HTbCll II OC'l'O.l!HH OH 

neuPrnnt JI, Ta,R'L RaRT, o6'LeM'L np0Te1ta10~ill MemAy CD n 

CF= 2bv0 , 3Ta nocroaHBa.a = bv
0

• JI1rnin CFG B'.b IIJJOCIWC'l'H 

w oy)J,eT'L C001'Bi>TCTBOBaTb, CJI'li~.' BC.ff JJJIHia 1/J = bvo. Ta1n 

ItaJC'L crpya, BCTp'.f>qaJJ 1•J111H'L pa36IrnaeTCH HM'b Ba )\Bil qaCTM, 

TO BHY'l'PII cTpyn ODOF )J,OJIJKHa Ohl'l'L JJHHi.H TOita, pa3nfo·

BJJaIO~a.ac.a rrpII BCTpt111> C'b RJJHHOM'h Ha )J,B'B , H3'L JCOTOphlX'L 

O,l\Ha nepexo}l,IIT'Ii B'b cso6o,l\Hyro rpaen11,y BG, a ,n;pyras1-B'b 

cnooo,IJ,nyro rpaemw AE; aasoneM'h 3TY JJIIniro To1ta pa3}1.'.f>JJaro

Il(eii: .urnieii ToRa. Ilo npe,n;noJrnmeniro o6'heMhl JRJIJ!ROCTII npo

Te1taro~eii qepes'I> norrepe'lm.u1 c1;11e~ i.u CTpyli AE H FG O)l,H

naROBhl , a noToMy )J,JUI pa3,l\'hJJaro~eil JJI1Hin To1ta ¥' ,l(OJJJRBO 

BM'BTb ana11euie cpe;1nee Mem,l\y 1f.i = - bv
0 

II 1f.i = + bv
0

, T. e. 

111=0 H CJiil}l,OBaTCJILHO B'b IlJlOCIWC1'lI w ett COOTB'.hTCTByeT'b 

-5-

111rnM1u1-ocr, cp. Toii: tfacn1 JI11uiw ·rorta, 1t0Topa.a cocTanJiaeT'L 

rpaa HI(IJ C'l'py H oy,l\e'l"I> COOTll'frl'C'l'BOBan 11aCTb OCH gJ O'l''L B'B

IWTOparo 3Ha•ieBijJ gJ, KOTOpoe MI.I MomeM'.b C)l,'.h.Jia1'b paBHhlM'b 

BYJJIO ~ npn,l(awr. lt'L <Pymtll,ilI <p n.YmoTopyro IIOCTOJIHHYIO ll }1,0 

gJ = +oo 
HttJJte Mhl noJCam'.eM'J" 'ITO ro11rta paawnTBJieeia ,1.(0.rnrna 

RaXOJI;II'l'bCll B'b Bepm1rnt K.inrna, CJd>)( . aa<IaJIO IWOp,1(1rnar·1 B'L 

IlJIOCIWCTH z 6y,1.(C'l"I, M306pan1.anca mttrn:rnM'J, JWOIJ)J,IIBaT'.b II.lIOC

lWC'l'F:I w. Ta1rnM'L oopasoM'b MIJ uauurn rpaeHI(LI 06.JI::tC'l'H rre-

pe!VdlHHOll W. 

1. 

• 
I ¥' 
I 
-I 

0 1 4· w. 3. 
w gJ 

l - ----'----- 2. 

I 
cJ>ur. 2. 

PascMorpttM'l" rtattona )J,O.Ju1rna OLITL o6JiaCTh 1tOMIIJ1e1tcuoii 

rrepeM·n11nott Z', coo·ru·nTcTnyroll(ai1 o6Jiac·rn CTpyw. )J,.irn 3Toro 

. 3aM'Il'l'l1M'J,, 'l'l'O ) rrpII ycTaHOIHIB!IleMCj] )(llll.1KeHil1 jJtl1U,ltOCTll 

c·1:, noTem~iaJIOM 'h c1topoc·rei1 , 111e.a1.JJ,y )J,a1rneuieM'L p 1 B'L Ra-

1wii JIJ100 'J'O'lli.'R .11rn,1.(TWC'l'll 11 CltOpOC'l'J:,10 v 3'1'0H TO':ll.\'.11 cy

~ecTnye'I"L COOTHOlilCHie 

1 • 
P1 = 0- 2v 
« 

(2) 

rd; c 8C'l'h Be.lJII'IHHa IIOCTOlIHHaJ1, a (J-IIJJO'l'HOC'l'b JKH)J,ROCTH. 

:-:ho yp. IIORa3IJBaeT'L, 'ITO CltOpOCTb qaCTIII('L, JJemau~HX'L Ha 

CUOOO,ll;HOH rpaHHJJ,'.h , Be3}1,'E oy)J,eT'L O)J,HHaROBa, Talt'L JCait'h, IIO 

rrperroJJomeniro, 11 ,n;asJJenie na 3THX'b rpaHm~ax'L rrocT05.!HBO. 

UcnOMHllB'b ·rerrepL, lf'l'O pa)(iyc·1 ueRTOp'L TOlfltll t, COOTB'.hT-
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CTByroIIJ,eii r~arwii: .1rn60 TOtrn Jiz - :r ·I 11/ 1J Jl( WtWl"l'H z , uapa.rnc-

1 
JICII'b CIWpOC'.I'li V 11 J111D CB1, - , :1!1.l :l:l.1tJ110 11.l<'M'f,, 'l'l'O •iltC'l'h 

·v 

rpaam~LI o6JiaCTII t, coo·rs1JTcTBymIIJ,aJI t'Pouo;1111i1M 'h 1·paum.\aM'b 

6 6 u • 1 l' o JiaCTH z ,rr.oJiataa liIT& 1-1yrmr rtpyra pa,111yca 
1
, . >e3rto1ieq-
o 

TIO J~aJJeiwit TOlfR1l CT_pyn-C 6y,n:eT'T> COOT1r'llTCTBona:n lfff<rna -z: = 

~ (csp 8- - £sinp8) (1), a MrniH CDE ,rr.yra t•pyr}J, , na1111aai:1 
Vo 

OT'b TO'Hrn (1) 1~0 Z' = ..!:.. \CS va ·--isinpa) (2). lfrtCTh rpa rrn-. e· 'Vo ~ z ", 

IJ;hI , 0·1·whqa10I.IJ,aH rtp11soli Oli'G, ,;10J1.ania Gi.1n .ll.Jl'Ofi Toeo me 

itpyra Meil>ft.y TO'maM11 (1 l n (3), JtJI}J r•;n·opoii. ~ 0~ ~cs(va.-
o 

isin pa,) . .ll,a.11'.lrn, CBOOOJ~Hll.}J t'p ~tHHilJL EA, sa•nma.11ch O'I"b 6e3· 

rtOHe'IHO y;(a.11e1nroi1 TOlfKH E I1 1:wn1JaJJCL ·1·041wli A, ,ll;O.irnrna 

B'b IIJIOCKOC'l'IJ -z: npeo6pa80BaTr,c.a ll'b ,ll,yry Kpyi·a O'l''L 'l'O'HUI 

(2) J\O .n;o1J1tu A' , O'l"b iw·ropo!I m.t1J11HaeTca rpatum;a , oTwha

IOl.Il,a.11 m,eit·.B &.rnua OA. HatwHetrh cnouo)J,aoi1 rpam111·l; GB 
,n:ou1wa COO'l'!3'lrl'CTBOBa'l'b ,11,yra Ha•urna.11 O'l"h TOY:Kl1 (3) II IWII

'Ja.!I 'I'01Jrwli B', H306pa,lfrn10n(eii TO'rny B . 
, Jll 'S 

..-- CJ'.) 
3 

CfJ 

<l>nr. 3. 

q'l'OOhl naii'I'IJ rparr11~h1, O'l'B '£ qa1ou~iR cTopotraM'b K.urna-

OA If OB, na,11,0 oupe,11,·8u1Tb nOJIOjlterrie TO':lrt~r paankr1Meui.11 

pa3,11,i>;rnrou~eit .111rnili 'l'Olta. EC.IHI Ii.JllHfT> ooparu,eET'l> Br;rrryKJIOCTbIO 

K'.b CTpy·n, 'I'. e. prr <rr, TO HCJWMaa 'l'OlJJta ne 1\fO/'Ite'l"T, HaXOJ~HTb

Cll aa rtatwii .m6o IIl,eK'B it.1rn:uaJ aoo B'b rn.ROM'h c.rryqa·l> paa

.n;faHrolil,aH .JIHHiH TOKa npH rrpo.n;ouK.eIIi11 1-10;1.mua 61rna Ohl 

7-

000 1· 11 v·1·r. pc6po Krrrma; no Tor,11,a corJiaCHO npe,n:noJiomeniIO 

Hel111l10ltz 'a ·'") OTT, pc6pa ,n,o.nJii.Ha 6JJJia 6M na11a1·nca n0Bepx

uoc1'L npepi;rna.,· Mhl .11;e npc,n:rronraeM'b, 'tro Bes,11,1> EHY'fPH 

c:rpyR CKOpOCTb l:!SMilmrn·rc.ll nenpepllIBHO. lITali.'b B'b CJiyqa·Ii 

nr,rnprnaro 1rn1rna TO•rna pa~rn·I>TB.ireaia pas)I;:b.rn10II(eii JIHHiH 

'.l'Otta ,n;o.rnma naxo,11,HTLCH B'.r. uepIIIun·ll KJIIrna. ,ll;orrycTHM'b, 'ITO 

aTo 6y,n:eT'I> crrpaneAJIIrno 11 ;1,;rn BOrHy-raro KJmHa. Ta:itU:M'b 

o6pai;OM'Ii n;roJIL ncei1 II(errn: OA cxopocm TOt(eit'.b TIM'liIOT'b o,n:no 

nanpa1>.11enie 11 c.11·£,11, . Wb JIJIOCitOC'l'H -Z: rpaan OA ,11,o;rnwa co

OTB'BTCTBoBaTh rq >J.rnaa OA' rrnpa.11.1ie.11&naa OA. C1wpocTJ> 11a

CT»nu,·i,, npiueraIOr.IJ,HX'h R'L u~c1:;·!; OB, ·rartate IJM'bIO'l"I, o,n:no rr 

'l'OJIW naupac;;1caie, a HOTOMY II(erd; OB ;~ourrna OTB'l>'laTh nplI

M<tl1 .rnni11 OB'. Tart'h rtar;,·i, JJHaiu OA' 11 OB' J~OJI.iltHhl sa:rimny·1'1> 

OOJHtc'l'1 i:, 'l'O rpaam~a.MH ~ oy,n:y'l"h HJIW OTP'DSirn OA' H OB' 

mrn o·qy{;:;1t11 A' oo n .B' m . Ho n-1 rrepBOM'h c;1 yqa·s 1rn rpa

H au,·1> 0axo;~iUI1JCb Ohl mtY:aJio rwop,rr.1rna·r·I> 1rnro He Mo.me·1"n 

oir'rf>, Tar:·i, K.a1n, na•raJJy 1wopJJ,11naT1, s·1 rr.Jioc1wcT11 z cooT1rl>'l·

cTuyeT'b TO'll\:a, c1wpocTL Ko·ropoii 6eB&oue11no Be.iiu:xa. TartHM.'b 

o6p3.30MT.1 oGJiaCTb nepeM'BHf:!OM <: /.10.IIJf..Ha lJM'DTh BH/F> ,n;aHJIJ;IH 

na qep'l'e.1P;·l; (3) . To':lrta BC'l'P'B':lH .irnniii OA' rr OB' t =co 

,ll,OJrnrna coo·rn·1TCT BO Ban To 1rn·J> BC'l'IJ'EIJ.M ;urniii 0 A a OB, 

T. e. lm':laJIY 1wop,rr.1rnaT'L IVIOCIWCTH z. 

MTaT::·r, o6JHl.C'l'H IWMITJ.tertenhlx'.r. rrepeMfarnr,1x·n z, t:, w ,n:o.JI.m.Hlll 

HM'BT1 BHl('h yt~asamrnti na 'l.epTeiit<:tX'b (l), (2) 11 (3) H cJI'lJ

J(yroru;i.ll To1m11 w1·ax·r, o6JrncTeM: ,n:o;m;a11 OLITn coo·rBi>'l'CTBY

IOU\O:~rn: 

') Helmholtz. • Ueh1;r discontinuirlicbe Flussigkcits hewcgungen •. 

lVlonalsberichte der KCinigl. Academic rler Wissenschaften zu Berlin. 

1868. 
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Be3K. yJ1.aJI. roqrd: C coo'l'B. i11, 11.1I . TV <p =--co (l) ) 

E - - <p = +co,tp<o (2) 

G - -- <p= +co, 1p> o (3) 

0 -- -- <p === n , ·tjJ=o (4) 

1 H [l 'b IIJIOClWCTW ~ ~.~ ~ (cs pO-isin p8) ( l) 
~ }C3) 

~ = 
1
-( cspa - isinpa2 ) (2) I 

I' ' D , 

Z' .:, (cs pa, --1·.~ inpa
1

) ( 3) 

" 
Z' =<..O ( 4.) 

I 
I 
J 

§ 2. lfro611 11aiiTtt ila 1!11 CHMOC1'h /(BYX'J. H3'h rrepeM'BHIIhlX'I> 

z, Z' H w OT'J, Tpe·nei.i, }(OCTaTO<JRO ,· Itltrt'J, ilTO Bff)J;IIO M3'b yp. 

(1), Hai'im lmpawerrie OJI.DOH MS'h AflX'h B'b <JJyHrtIJ,iH J1.pyroit 

Tartn Kart·r, o6JJaCTH Z' 11 w HM'Bl-OT'L 11aHuoJI'l>e upo crnii nIIJJ;n , 

TO Mbl H 6yµ;ewr, HCftaTb COOTlJOIIJe1·Iie MC.lli lty 8THMH nepe

~drnHLIMII. 

1TW 

2z;;-
(a) . .ll;JIJI tJT01·0 rrOJIOJKHM'b Z = e 0 • Beer, Ma rrpocnnrn pa3-

cyJit,n;eHiJIMH MOillHO y6·hJJ,HTbCl1 , l!TO JIHHil1 1}J = -bvo H.IIOCIWCTFI 

w npeo6pa3yeTCH R'h IIJIOCIWCT1f z B'I> OTp1rn,aT8JlbBYIO iraCTb . 

OCII Y, .rnrri.a tp = + bv0 -B'b noJIOJK.HTenHyro lfaCTb OCH Y H 

. eartOHCD;'b .rnrriu O<p -B'b .IIIHi iIO 4-X, Talt'I> lfTO o6JiaCTH w 

6y}l,eT'h COOTB'llTC'l'BOBaTb iraCTb Il.II OCKOCTH z Bnpano OT1. OCH 

Y, pasJJ;1lJieHHaJI JIHHieil 4-X ('IepT. 4) . 

TO'IItt <p = ·-CO (1) COOTB . fl'b ll.IIOC, z T0 1ma x = o, y = o(l) 

<p = +::o,1.fJ<o (2) - - - - X=co,Y <o(2) 

<p= +oo,'tfJ>o (3) - -- -.. -- X = co,Y>o (3) 

<p =o, tfJ=O ('1) - - - - X= 1, Y =o(4) 

- !'.) -

y 

0 

4 3 x -------22 

<I>ur. 4. 

(b) BBe;\eMo nepeiidrnHyIO Z', rroJiaraa Z' = ZZ-
1
1

. Och YIIJIO-_,+ 

c1rncT11 Z apeo6pa3yeTrn nn o&.pyi'lrnocTh pMiyca = 1, onwcaHny10 

OIWJIO llalfa.JJa IWOp,ll,IIl:laT'll , a np;1MaJ1 4 -X-B'L pa,ll,iyc·1 023, rain 
lfTO o6JiaCTh Z' cooT n'hTCTBy10m;a.a o6JiaCTH Z 6y11:eT'I:. orpam1qeHa 

OrtpymHOCTbIO It pa;dycoM'h 023 (qepT. 5) 

To'I. Z=o (l)6p.coorn. B'.h11JI.Z1 To 1i.Z' = -l (1) 
• 

Z=l (4) - - - - Z' = o (4) 

X=oo,Y < o(2) 

X=co,Y>o(3) 

3 

- X' = 1,Y' = -o(2) 

X' = 1,Y' = +o(3) 

2 x1 

<I>ur. 5. 

( c) )J;a.Jii;e no.1Io111. 11M"b Z" = v'Z'. B'h 06.rnc·m IIepeMtHeoii Z' 

<f>ynm:~i.a Z" 6y ,ll,8T'b OCTaBaTbC.fl O)J,H03HaqHoii H; OCJIII MLI ,ll,Jlli 

Z' = -1 1103bMeM'h Z" = + i, TO ,n;JI.a nc.imaro 311a1ieaia Z' BT> 
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y1tasa1rnuoii 06.rnC'l'H Z" oy;i:CT'h 11M'kn. O}ll10 oupcwf:.iICHnHoe 

°-·-~ ,f 3 XII 

<l>m'. 6. 

sna11euie. 01cpy>1rnocT1. 1m;1, i yea. 1, 011n<·au1taH orw.110 mvrn.Jia 

iwop.1urnaT·.1 JtJIOt:JW<'TU Y: ', upe11<i1><1 :: y<"J'C'll wi, 11 .110c1wcT11 Z" 

w1 m1 .11yoH.py.11rnoc·1·i. :n 2, 11p;rn1 a JJ .11nIJi.i 0 ~~3 1u1ocH.ocn1 Z 1--

11·i. up}1My10 ~ ,1 3 H.11ocrw cT11 Z", Tarn, '!TO 06.11ani, Z" 6y;~er1, 

no.11y1rpyr'OM'h pa,ll,iyea = 1 ('1ep1'. 6). 

oo A 11 u 13" o;i . v,' ,. 
'fog. Z'=-1 ( l) 

X' = l ,Y1 =-0(2) 

X'= 1, Y' = +o(3) 

Z' =o (4) 

t! 

<Dul'. 7 . 

COOTH. lfi. fl.IL Z'' 'l'O''lI\a Z" = + i ( 1) 

Z" = -1 (2) 

Z"= +1(3) 

Z ,,_ - 0 (4) 

(cl) Ha:H,11,eM'1. nepeM'.BHB yro t 1 - -<Py rmn:im Z". T<H•'f, l!T Oor.r 06;1acTb 

t' JieJ1taJrn 6w HH.me ocu t;' II 011Jia OJ.I Ol'Ilil,Hit 'ieHa 110J1y-

01tpprnocn10 (213), 01rncam10:ii oRo.rn mPia.11a 11oopivrna:r'h 

pat1iycOM'h paBIJ@M'1 1--'B, ff oesiwueqnr..Jllrn rr p~1ML1Ml1 A"co l1 

B" co n: 'l'l'OOhI 1tpo:wl; Toro 

1·o•maM1. Z" = + i (1) cOO'l'B. 

Z" = -1(2) 

Z" = + 1(3) 

Z" = o(4) 

OM T0'1Itw ?:' + csfJ -isinO (l) 

't'=csa, -isina.(2) l 4) 

t 1 = csa1 --isina, (3) (( 

t 1 
= co (4) J 

0'1eBH,i\Ho '. 'ITO 06.1rncTr, t' MO;KO'J"r, 611T1 pascMa-rp1rnaeMa, 

n 
1tatt'l.. JIY HO'lrta C'b yr.rnMrr 2 rrp11 neprmrnan, , o,n; rra H3'1 ,n;yr'1 

- 11 -

MTOpofl: HwI:eT·r, 6c:::Ro 1:ie1mo pa.1wnm>1i1 n;eaTp'L; no11,00Hy10 .m.e 

.11yuo 1my np<')l,cnrn 'l!!CT'h OO.ll(tCTr. Z", H HO'l'OMY na ocaormaiu 

'l'COJJCMl> ;wr;~wa1rn hIX'f, Kirchhoff'ou·1 B'b ero Vorlesungen 

Me11uy C H Z" 6y.ll.CT'L 1'.ynv~ r:rno Ban cooTaorneHie 

~'- 1 B 

?II_ 1 , 2 ( f.,-1 ) + .A. 
(
_h_- l =N ~ + Z" + 1 ' - t.,_.' _ 1 __ _ 

( ~'+ 1 ) +B 

(d) 

rwh JW8!litfrn11ien-rr..1 N, A, H ;1 0JI .11tm.r 6r.in onpc1drnem,1 co

oGpa:~rw yu1 oniHM'h ( 4 ). Ilo 81'Hi\l1, yc.1ro11iJJw1, npH Z" = 1 i\ILI 

A<M 11WbI vrnb·i, ~, = esa, -isina,, CJrf> t\. 

. 1 2 

( c ."__aL~i.s·1 .. !!_S_~-) + A ..-=0, O'rrty11a 
1~ ,·cY - 1sma1 + 1 

' l 

,a1 
A = tany 2 

)l;a.111>0, upn Z" = - 1, ~' = rsa~ -isina~ , c.1d;;r, 

( ~sa1 -1:1:ina, -1 ) 
2 
+ B = O, OTRYIHt 

(·~a --·is ma + 1 ·• 1 1 

• a2 B=tan.fJ 2 

Ha1coueu,'1 3-ti itoe1f1qnn~ieH'I"h oupe,11,'BJIJJeTCa yc;10nieM·1, 

no rwTopoMy npu Z" = 0-2:'' = co; Hl\rlielVn. 

,a 
l + frtng '5 

1 = N fl"' ~ , oTrty ,n;a 

1 
,a, 

+tang 2 

cs~S 
N =- 2 

cs 2
::.

1 

2 

TaIHIM 'I1 oopa30M'b yp. (d) npHIIIIMae'l"h BH,11,'T,: 

(~'-1 . ~1+1) + tany"a, 
~ I ' 2 
(~,~: ) •+ta~;-(/ .a~ . 2 

2a, 
cs 2 

~a, 
cs 2 

I Z"--1. • 
i. z"+:l) = (d') 

H Tawi, MI1T nrr,L1,1n1r·r, , '!TO nd> 3 rwecpqrn1~iem·a yp. (d) onpe

l\il.1rnroTc J1 no IIOC.'f'B)J,HIU!'I' TpC:M 'b fl 3'h yc.110nifi (4) H aa11rr, He 

0 1: '1'llC'l'ClJ cpeJ\CTB'h sacTaB11'l'L ,, y.n:oMe'l'BOpHTIJ H nepBOMy 113'1 

&1'.HX'b yc.rnnHi:. 8To o6CCOJ1'l'C.lihCTBO IIOKa3hlBaeT1l, 'ITO ,n;Jia 
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BLlIIOJIHeHiH uepBaro yc.rnnig npH B3llTOH saBMCHMOCTH Me.n:µ:y 

L:' n Z" Heooxoµ:MMO, qTo6u Meil\,n,y yrJJaMH 8, a, 11 ai cy~e

CTBOBaJ10 H1HWTOpoe COOTHOIIIeHie, IWTOpoe MOJiteT'h OhlT:b uaii

µ:eeo TarrnM'I:. o6pa30M'1. Haii,n,eM'h sHa•rnnie L:' npn Z" = i; nop;· 

c'faBJIHH Z" =i B'b µ:p . (d'), rroJiy'lnM'h 

cs 2'2(L:'-l) ~+sin 1a 1 (L:' +l) 2 

(-1) = _2 _____ 2 

cs 1a• (t'-1 )2 + sin •S(Z'' + 1 )" 
2 2 

,, ·--(csa, + csa,)4' + 1 =op - csa, + csa, -4-i -. ;4-(csa, +csa.) 
2 v 4 

omy,11.a Bll.L\BO, 'ITO rrepeoe ll3'r, ycJioni:li (3 ) 6yµ:eT'.b nurroJineuo 

TOJJLltO B'L TOM'b CJJyqa·l>, ROr,ll,a 

cs fl = csa, + csa, 
2 

(5) 

~ho paueuc'l'BO noRaa1rnaeT'&, 'lTO yroJ1'1 8 3a1t.111oqaeTc.a MeJJ1.-

11,y a, 11: 

(e). 

a, - rrycTh a, <O <a, . 
1 

HaRoReD;'b no;10;rrnM'h C: = - l:'P 
Do 

H IIORailteM'h ' qTO 

n11pamas l;' rrpu rroMO~M yp. (a), (b) , (c) 11 (d') B'.b 1fly rmn;in w, 

Mhl l1 IlOJ£Y'lHM'b H.CIWMYIO <f>y1rnn;iro, YAOBJJeTllOpmorr(y10 BC'BM'L 

BrumenoC'ranJ£eHHhlM1> ycJIOBiHM'h. B'I:i caMOM'b .n;'BJI'B, ecu1 rroJio

;1;,ttM'1 t:: = IlOJIOJKII'l'eJfnHOM ueJIIIlJllH'B rrpn t 110JfOJRll1'eJihHOMT., 

TO 06J1ac·r1 L: 6yp;eT'b HM'BTL BH.D;'h y&asamrni1: na 'lepTeilt'B (3): 

oea 6y11,eT'h orpam1qerra rrp51MhlMII, rra1tJ1onerrHhlMl1 no11,·:r, yr.!IOM'.b 

prr, II p;yroro Rpyra pa11,iyca !.. ,ll;aJI·.ke, . 
Vo 

'l'O'l.CSfl-isinfl(1)IT.l1.l:''6yp;. COOTB. B'bllJI. Z'T01I. '!._(csp8-isinp8) (1) l 
Vo 

~cspa,-isinpa,\2) ~(B) 
1 ( . . I ; cspa, -zsznpa1 (3) 

0 

co (4) J co (4) 

-csa -isina (2)-2 2 

csa, --isina, (3)-

""""' 1B ...... 

Ho paµ:'1 tiepfeikeii (2), (4), (5), (6) n (7) (aa mtx't 
n;mppaMH 1, 2, 3' 4 o603Ha'leHLI COOTB1>TcTByIO~ilI TO'IltH) 

narJUl,ll,HO IIOKa3LIBaIOT'1, qTo TOlJRaM'1, 1, 2, 3, 4 o6JiaC·fH w 

cooTB1>TcTRYIOT'1 TOlJ.KH 1, 2, 3, 4 o6JiaCTH L:', a rroToMy t 6y

p;eT:r, y11,01JJ1eTBopan, n ycJioBilIM'b (3). Harwaen;T>, RaM1> 1rna, 

'ITO rrpH p<2 Z' ecTb o,n,uosaaqeaa <Pymm;ia L:' BHYTPH o6Jia

CTH. ,, II eao6opOT'h, Mhl 3alt.IIIOlJaeM'b, 'ITO Z' H w cyTb O,ll,H0-

3Ha'lBWl qiymm;iH oµ:ua .L\pyroii u·r, o6JiacTax·:r,, y&a:1aeeLIX'h ea 

tiepT. (2) H (3), n6o n pa,11,'1 nepeM'lrnHLix1, Z, Z', Z", L:' cyTh 

O,ll,H03Ha'lHI:iUI <f>yHKD;iII op;Ha 11,pyroil: B'h COOTB'BTC'l'BYIO~HX'b 

o6JiaCTHX'.b (qepT. 4, 5, 6, 7). 

Ha:liµ;eM'h anaoe BLipa;1teHie Z' n'J, <f>ymtn;iR w. P·Jmiaa yp. 

(d) OTHOCM'l'eJlbBO Z'', I:IM'BeM'.h : 

Z" 1 ' I f Z" 1 " ' 
2 

(;"+t) (l---B)-N(l-A)±y l ~1 ) (1-B)-N(l·A) 1-

2:'= 
-{ ( ~) • (1 + B)_--_Ni_(1_ +-_A- __'.)_}_

2 

___ _ 

(Z"-
1

) 
2

( l + B) -N(l +A) 
Z "+1 

Z-1 b 
Ho HS'h paneHC'l'B'b Z" = v zr' Z' = z + 1' z = e' V o = ev1

' rJJ,t 

nw v' = - naxo,l.(JIM'l· 
2bv0 ' 

Jev'-1 
Z"= 1; e"'+1 

Ilo::r1·0My, ll0,11,CTaBJI.a IlM'l>cTo N, .A H B JIX'h sRa'lenilI, 

nMteM'h 

- Z"-1 2 1 
(1-B) (2--,,-1) -N(l -.A)= ~ { } • "+ csa -- -T v'ev'-1+v'ev'+1 

{ csa
2 
(Y pv'-I-Yev' + 1) 2-csa, (Ye11'-l + 'Yev' + 1) } 
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irnrt, _ llllO)VI IlCITOM01'aTeJ!!,H1IH yro.n 0, 'i'ii" "' 'l'l'Ol>hl 

cs8 = r;sa, -r,sa,, 
I -

2 
(7 ) 

H TIOJiara11 p;;rn coRpam,eniJ1 <«~ ·' ~(-Yr·v' --J -1 Yp"'+ I}' =s, 

Z"-1 ' .1 I I ---1 (1-B) (-) -·N(l --.A )= · -
1
ni:ill ev +cs8Ye'·u' --1J· Z"-t-1 s 1 

Z"- 1 ' • 4.1 _ ... ___ _ 
J~aJI•lrn, (l+B)(_f11 _

1 1
) - N(l r.A)---~ r c'v'- 1 

{ 
. Z"- 1 ' l ' {, . z11 -1 ~ 

Ha1wrreI\'b (1-B) (-- ) -- N(l --·A) )· - ·- 1 l +- B) I-,-) -
Z'1+ 1 · ' · Z"+t 

-N(l +A) }'= ~~{ f'v' (r~ 98
1 
~·sin 28) + 'J.s1nOcs8

1 
Ye '1'

1 ---l-sin 2e} 
Ha oceona.aiu ::>TJAX'h paseHC1"I> t n o.lf y 1meT'h BD,il.'1: 

cv'cs8 r---· e.V'1 sfi • y , •. . , vi .. , , 
"' ~= csfl + y' •vi -1- -+- ( csfl + ,, •vi ·-=-

1 1
1 -- 1 e -- r e ·-

2 1 2 
nw n w 

l.J JJll, 110.IHl.1'3.H V = --=- =' V, 
b2v0 bv

0 

(8 

('"e v ------;:;.e---'i -
V .,, I " :J I 

i:. 
1 = csfl + -. -+- ( cs8 + . -==·==-c ) --1 

Y1...--o---v Jl'1.---1:- 11 i !I) 

1 cs8 / ----·-cs8--,- P 
H cd,11,. Z' =- lcs8+---1 -+-1 . (cs8 + ·· - L~=) --1 \*) (10) 

v. V 1-e-v. V Y1 -o -v I 

t 1 
eCTb 0)l;H03Harnran <Jlym.tnill W B1, y r1a31U{Jfi)Jl Bf.Jille Oo,rn ... 

CTli, a IlO'l'OJ11y )\OCTaTOlfIIO onpe;r:.trnn . ;\na1rn !Wpnett HXO)(jl -

11\RX'J. wi, sr.rpameaie Z:' tn rw.Roii Bnf5y.11h 'l'OlJ'h'.l>, 'l'NiOt.i :wa:1'1> 

snartH !3TMX'JJ KOpne:fi H UOBCIO,li,y BITJTJHI 06.irncnr w HpH rp>o 

H 'ljJ = o Yl --e-v OC'raeTca eem;eeTBemrn:w-J,, 11 , ecm 6r.r orr'T, 

6hl.JJ'])<o, 'l'O np11. cp = + oo c,1rJJJiaJrCJJ orJ pasnhl11i1.-l, w 41 = 

•; Ilpn p= 1 H CS fl =o 3TO yp. Oopa1qaeTClI !J'h Jp, ll:liHJiOe 

K irchnoff"om; «Zar Tbeorie freier Fliissigkeitsstrahen n . Joumal fiir 
die rcine 11nd angewandlo Mathematik Brl. 70. 1869. 

.. .. 16 ~ 

=CS 8---cs e,-+-i(cs o~=--cs- _8,f--1 H.!IH mt ocl.rnnauhr pa

neHCTBb ( 5) II (7) ?:1 = csa; -isina2 • Ta1t'JJ rtaK'b !3TO :maqerrie 

ITO ycJIOBi11M'1 (3) 11 (6) ,, HlldleT'.b uprr <p = +co u 'ljJ = - o, 

TO 3aK.rr1oqaeM'h, '!TO npli <p = +co 11. 'l/J = -o Yl-e- v HM'B

eT'.h 3BaYeuie oTp nu;aTe.l!hHOC; n cJI'.l;,11,. u n,11,ou ncei1 JJrrniu 

<p>o, 1p = -n OH'h OCTi1eTcJI OTpm~aTeJihHIJM'JJ . Ec.1J11 ate npu 

cp>o n 1p = oV'1 . .::...~-r>o, TO apu cp= + co on't o6pam;aeT

ca J.rJ, + 1 H M Li lIOJI y '!3/:l\J.1 {I =° CS {) + C~ 8
1 
-+-Y(cs {) + CS ·~r~-1, 

n.irn no paRerrcTsa111'L (5) H (7) ~ , = csa, -isi-n a, . 8To sHa•rnHie 

Z'' ua ocnonanirr (3) 0 (6) cooTn·.B·rc1·syeT'.li cp = +ex..• u 'l/J = +o, 

a IIOTO.MY rr pu <p>o H 1p = + 0 YI-e- 1'> 0. qTO KacaeTC.fl 

sHaJWB'1> KOpH.H y (cs 8+ :tse: .. J-~~·1, TO OBH. orrpedrnJJ IOTCJI 

yeJI01iieM'fi , rro ROTopoMy npR <p = O M 'ljJ = O ' 1 = m. Couo

CTaB.nur !3TO ycJt0ni e c o 3TiaKOM'h ¥1-e--v ynH,11,MM '.b, lfTO np11 <p 

.
1
; - -cse--) 2 

,1.t;OC T11To'IBO MaJJOMJ, u> o n: 1p=--o (cs8+ -Vt_ :._.,; --1 

,11,0JJ:/.IWB'h 6IJ.Tl> nem.ecnrnB HhlM'J. H < o, a npn: cp ,11,0C'I'a'l'O'IHO 

V
------cSlr-.--

MaJ10M1, H > o n 'lfJ = + o ( cse + -v--'- ) - 1 ,11,oJIJJteH'h 
1-e- v 

61rrn Tome nem;ecTneneIJM'.D eo > o. Hait;~e1rnhlMlf suaitaM11 

---- / cs81 ' • 

itoprreii V1-e-v, y (cse+ Y
1
-e_J -1 ea JIMRll:l 1/J=O ~6.11II-

sn uaqa,Jrn rrnop,11,1maT'h onpe1rlrna1DTCJ1 sI:Ja1rn HX'h M no ncc:i1 

otfaac1·u w. 
l fro6IJ llSCJJlJ,1.t;OBaTI>, I~aR'h l13M'BHlHOTC.ff 3Haitn: rwpueii, 

DX0,11,llID;llX'.b B'1> 'I B11,0JIJ, J1li!Hili 'ljJ = -0 II <p> o; 'ljJ = + 0 11 g;> o; 
'ljJ =--bv

0 
tt-m<g?<+co; 'ljJ= +bv

0 
11-c:o<cp<+m 11 

r;r:h omI OCTa!O'l'CJI BCID;CC'l'BeHHhlMH, Ba).t;o o6paTHT1 nmrnaeie 

na ocoo<·1111w1 To•um mJOCKOCTH w, T. e. TO'Irtrr , Tl'h rw1·ophlX'JJ 

/\llll :ma1J l' II IJI It() 11uei,j BXO/\lllll,RX'J, B'J, 'I µ;foia101·ca paBHLIMH. 



I[! 

~. Hi 

'faitHX'L oco6eHHhlX't 'i'oqeR'f> B'.h IlJIOClWC'l'H 'W - :L 

fl) Toq, w
0

=0-=v
0

, r,11,t 1'1-e-v o6pa~aeTC5t fl'J, nyJ1h 

bv l 
1

2) - w, = 
7
/ vi, r,idi v, oape,11,tJI. 

cse I B'h ROTOPIJX'h 
(11){ JI3'h yp. CS8 + y' '-v = l J B 2 

1--e V ( cs , ) ' i csfJ+ --= 1 

I bv I y' t - v -3) - w2 =-0 v., r,11,t v orrpedrn. - e 
n ' · • 06pan~aeTc;1 ri1, IIYJ!h . 

llf3'h yp. cs8- csO, = --1 J 
Yt -c- ·V• 

Ms'.h nocJit,n;HHX'h ,11,syx'h yp. eaxo,IJ,HM'h: 

cs'81 
e- v1 =1-(l-cslW 

1-csa, ) ( 1-csa, ) 
(1-cs8)' 

(12) 
cs"8, 

e-v. = 1-(t+csA) 2 

(1 +csa
1

) (1 + csa2 ) 

(1 +cs8) ,-

OTity )~a BH]\HO, 'ITO v, ll v, Berr~eC'l'BeHHlJll 110110.lKWI'eJihHTJJJ nc

JIH'llIHhl JI v, > v,' TaK'b 'ITO w, > w, M TO'l.ItH w, JI w, JieJI\.a'l''h 

na ocn o<p (11epT. 2 ). He Hxo,11,a B'.h no,IJ,pooaocTH llSC.'l't1~ona

niit Itopae:ii, llFJIIHIHeM'J:, pe3YJII:.Tal'hl 3TJ1X'J> H3CJI'f:>)l,OBaHi fi . 

fipII 

111=-bvo 

'l/J = + bv0 

Ilpn 

't, 1 = cs(J - csO, ---il I 1-( cs8 
Y 1-e- v Y 

cse, \ 
Y1- e-v 1 

YI 8 cs8, ·v} ( (J csfl, ) 
1 

<.. = CS + -i - CS + ---
YJ-e-v V 1-c- v 

(13) 

< YI {J CS(J, vi( fl CSfJ1 , > 1 w WI M 1fJ = + 0 "' = cs + + cs + -=) --Y 1-c--v y' 1-e- v 

cs8 l cs8 ' 
w>w, H 1/J= +o 't.'=cs8+ y' 

1 -il, 1-(csO+--'- I 
1-e- v t' V 1-e- v 

YI 

8 
CS{J, v -(.-- (J .. --CSfl ___ )_2 -

w<w. H 1/J= -o"' =CS -- cs --- - ~ - 1 
y' 1-e- v y' 1--c-v 

YI e cs8, "Vl ( cs84 \ ' w>w, JI 1fJ= - 0 <.. = CS - ---::;::=- i - - CS8 -J Y 1-e -v Y 1-e- v 
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§ 3. 3HaH 't. B'h cpymu.1;iJI w1 .rrerRo BMpasHTI:. n z qepes'.h 

w. B'.h caMOM'.h ,11;t.rrt, saMflqaH, qTo npn w = o H z = o, na oc

HOBaHiu yp. (11) IrnfleM'.h: 

Z= s~ 't.dw 

Tart'.h RaK'.h Ha'laJio n:oop,11,1rnaT'.h IIJIOCROCT:u: z naxo,n:HTCH 

B'I> Bepm1rnt RJilIHa, TO ,!l;JllIHhl mert'.h OB lI OA, HasoBeM'.h llX'.h 

l, li l2' 6y;i;y1''.h MO)l,YJUIM11 1IHCeJI'.h z, JI z2, ROTOp1IH :irno6pama

IOTC.H TO'lKaMH A :rr B; IIO:JTOMy, Ha3hlBaH w, 1
, w~ 1 sHaqeniJJ w, 

cooTBfl1'cTByromiH snaqeHi.HM'.h z, n z
2 

JI TOqKaM'.h B II A, irnfleM'.h 

•W11 

l, =MOO zl =MOO J 0 'Cdw (14) 

w1 

l, =Mod z2 =Moo f 0 ·

2 

't.dw (15) 

lf ro611 Ba:iiTII :rnalJeaiJI w, I YI w. 1 saMtTIIM'h, 'ITO TO'l.RaM'.h 

A II B coorB'.hTcTnyroT'.h B'h nJiocrwcTll' 't. TO'lRII A 1 n B 1
, a 

B'.h rrJiocrwcrn Z-1-TO'lrtrr A" rr B"; cJit,n;. w, 1 II w
1

1 cyTh Ta

Kia TO'litII Ba rpaHHI.J;t o6JiaCTH w, npn: KOTOphlX'.h 't.1 H3'.h ne

mecTBeHnaro P.flJiae-rca M BRMhJM'h. Ta6JIIII.J;a (13) rroxashinaeT'.h 

naM'D, 'ITO Taxoii nepexo).('h :mwter'h Mi>CTO nprr w
1 

H w
2

, cJit,11;. 

w/ = w, = <p1 :u: w2 
1 

= w, = <p,. UpH orrpedrnenirr HHTerpaJioB'.h 

(14) Iii (15), MIJ B03J:.MeM'1 sa IIYTH HHTerpIIponani.a JIIIBiH 

ow, lI ow,. 

TaK'.h xaK'h Ha IIepBo:ii .rnBin 't.' nMten sBa'leHie; 

cs8 V cs8 ) • 't.1 =cs8+ . ' + (cs8 + y' • -1 
1-e-v 1-e-v 

cse v cse ) • H Ba B'l'Opoii ,. =CS8- I (cs8 - I -1 
Y1-e-v Yt-e-v 

" TaK'.h RaK'h B)l,OJih JIHHiH ow, H ow2 1fJ = 0 II CJI'l>.n;. dw = d<p, 

TO HHTerpa;rn (14) H (15) rrpHHHMaIOT'h BHJi;'.h 

2 
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1s<p csfJ . v- cs8 • J 7' l
1 
= MOO- 1 [csfJ+ ~ + (cs8 + 1 

) - 1 drp 
Vo 1-e-v v' 1-e-v 

0 

l
1 
=.MOO(-l)P~s<p• [-cs{)+ v' csf!1 

_ + \l (csfJ v' csfJ, _ ) 
2

-l r dtp 
Vo 

0 
1-e v 1-e v 

HJIH, IlpIIHIIMaa BO BHIIMame, qTO IIO,ll,'blIHTerpaJibBLISI lf>yHR~iH 

Be~eCTBeHHbl H IIOJIOlRHTeJibH1I B'h npe,ll,tJiaX'h IIHTerpIIpOBaHiSI, 

IIM:teM'h 

1j·cp [ csO , ;-- csB ) ' 
l

1 
= -

1 cs{) + 1 + V (cs{) + v' 1 -1 
Vo 

0 
l' 1-e-v 1-e-v 

(drp 

lll = ~scp· [ -cse + csO I -t- il ( cs8 es8 I ) ·-1 
Vo 

0 
v' 1-e-v v' 1-e-v 

]pdrp. 

TCW TC<p 
.a BBO,ll,11 B'h STH HHTel'p&Jifil nepeMtHHYfO v = -b = -b 'HaXO,ll,lIM'h 

v. v. 

bj'v r csB ... I l 1 = - ' L cse +ii ' + V ( cs8 + 
7( 0 1-e- V 

cs8 • -'·-) JP Y1-e-v -1 . dv (16) 

=- 2 --cs8 + ' + (cs8 l bj'v [ cse vi 
2 7T y 1-C-V 

csBI )2 lP 
v' 1-e- v -1 I .dv. (17) 

0 

'r;i:·.h v, H v
2 

onpe,ll,tJisioTca ITO yp. (11) n (12). Ilpeo6pa:"Jy· 

eM:'h STH HHTerpaJILI R'h HOBhlM'h rrepeMtHHI:.IM'n; BBO,ll,SI B'h rrep

Bhlii HS'h HHX'h nepeMteeoe u, onpe,n:hm1eMoe HS'h yp. 

() csO, y/(-O . cs8, ) ' l cs+, +cs+ -
1-e- v v' 1-e-v 

1 
u 

HMileM'h 

cs8, 
CSIJ+ V' 1-e- V 

I . cs8 • 
1 , ( cs8 + ' ) -1 = u; 
V Y1-e-v' 

•.CRJia;i:1irnaa STH ypanaeei.a, aaxo,11;111\l'h 

csfl, 1 1 
cs()+ =-(u+ -) 

Y1--e- v 2 u 

4 2 20 
l-e-V= U CS I 

(u'-2ucstl + 1)' 

(18) 

· OTCIO~a 
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e-V = (u 1
-2UCS<X1 + f) (U

2
-2UCSIX2 + f) 

1u'-2ucs8+ 1)' 

dv = 8cs
2
81 u ( 1-u 

2
) a._u-c-~--c----

( itll-2ucsal + 1) (u 2-2ucsfJ + 1) (u 2-2ucsa
2 
+ 1 

·II, TaR'h rtaR'h saa'JeHfa HOBaro nepeM1rnearo, OTB-f>qaro~iH rpa

·n11~aM'b nepeM-!>naaro u cyT·1i o n 1, 1·0 

l= 8bcs
2

f! 1s1 

_ _ u'-P(1-u')d~t (l
9
) 

1 
re 

0
(u 2-2ucsa1 +1) (u 2-2ucsB+ 1) (u'-2ucsa

2 
+t) 

EcJ'IH, .n;aJI-!>e, B'h IIBTerpaJI'h ( 17) BBe,n;el'ln nepeM-f>anoe 

·v, onpe.n;t.1IJ1eMoe yp. 

csA ·ii ( -cs{}+ v' 1 + cs{} 
1-e-V 

csfl • 
l;-1-~-v) -1 

1 
= -

v' (20) 

TO rpa1m~a MlI lIHTerpnpoBaHi3 ITO HOBOMy nepeM'BIUJOMY 6y
.,ll,YT'1 o 11 1, a saMtqa.a, qro 

-cs{}+ cs8, 
Yt-e-v 

I e • lv ( cs8 - cs 1 
) -1 = v, 

Y1-e-v 

:naXO,ll,HM'b 

-csO+ csfl, =! (v+ ~) 
Y1-e-v 2 v 

4 '{} 2 1-e-V= CS ,v 
(v' +2vcs8+1) 2 

-v (v 2 +2vcsa1 +1)(v'+2vcsa» +t) e = - -·---
(v2+2vcsB+ 1) 2 

8cs'81 v(1-v')dv dv= ------- -----·· - ----·-·------- -----
(v2+2vcsa1+1) (v 2 +2cs8+1) (v 2 +2vcsa2+1) 

l 8bcs
2

81S' v -P(1-v2)dv 
:II ,= rr 

0
(v 2 +2vcsa,+1)(v'+2cs8+1J(v2 +2vcsa

2
+1) (21) 

CpaBHHBa.a llHTerpaJihl (19) H (21), Mhl BllAllM'h, qTo BTO

poli IlOJiyqaeTC.ll 113'h rrepnaro ·SaM'BHOH fl, a, H a
1 

qepe3'h 1r-fl, 

2* 



,11 

Iii 
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::rr-a,, rr-a
2 

rr rroToMy .n:ocTaT01IHO BaiiT11 OJ\Hrrr. H:l'f, 11HX'1>. 

011eB1I)lHO TaRJKe, 1ITO eCJilf 6hl Mhl HM'l>JIII JJ:B'l> c·1·pyH, 113'.b 

ROTOphlX'.b o,n;Ha xapaRTep1rnonaJiac1 6LI yrJJaMII O, a,, a 2 , a .n;py

raa n:-0, rr-a,, rr-a
2

, TO ~eRa l, .n;,rn rrepBaro RJI1rna 

paBmrnaci. 6LI ~eR'l; l
2 

)(JJ.ll BToparo II Hao6opo·f'I>. IIosToMy 

TC· 
)J;OCTaT01IHO pascMOTp'BTb TOJIJ,Ii,0 T'l> CJiy':laH, Ror,11;a O< ~. 

Haii11.eM·r,, ,n;aJif>e, BDipameHiH ,ll;JIH .n;aBJieHiii, ROTOphlH HCIILI

TlilBaIOT'.b ~errn RJnrna OB H OA. HasoBeML ,n;aBJieaie Ha cno-

60,11;Hoii IIOBepxHOCTII CTpyR II Ha BHJTpeHHeit IIOBepXHOCTH 

RJIIIHa, HecMa11.11uaeMoii: .n;B.11my~eiic.11 mII,n;KocT110, qepesL p
0

• 

TaR'.b Rait'.b Ha CB060.D:HOit rpaHHI~f> ;itll)(Itoit CTpyII ,ll;aBJJeHie He" 

,n;OJIJKHO HCilhlThlBa'l'b rrpepDIBa, TO, Ha OCBOBaHiII yp. (2), MLI 

,¥. - (! • - (! ( 2 ·)· -)J;OJJJKHlil HMbTb Po - C -2 V0 II P, -p0 - 2 V0 --V 1 HO V-

V0 (! 2 V0 
2 

) u 

.MoiJs'P II IIOTOMY p,-P. =2 (v. -MoiJs'•p . qT06hl HaHTH paB-

HO)J;i>i'icTBYIO~iH BdlXL .n:aB.~eHiii: Ha ~eRH OA II OB, paso61eM'.& 

IlOBepxHOCTb ~eR'.& Ha SJieMeBT.LI, llMi>IO~ie B.LICOTY h = BIJCOTf> . 

cT'BHOR'h RJIIIHa H ocHOBaHie dz-sJieMeBT'1 JIHBiH OA uJ.rn JIH

HiH OB. KaJK.n:aa Tartaa sJieMeHTapaan noJioca 6y,11,eTL co CTO- · 

poHLI ,n;Bmrty~eiica nrn.n:rtocTu IICIIIiITLIBaT1 .n;aBJieHie p, h MOO. dz, 
C'.b rrpOTHBOIIOJIOa.\.HOH .ate CTOpOHIJ. ,n;aBJJeBie P.h .MOO. dz. lfa6LI

TOR'1 rrepBaro JJ;aBJieHiH Ha,n;L BTOphlM'.b 6y.n;eT'b 

h(p, -p0 )Mod.dz= ~ v0 

2 
( 1 - Moo~'"P) Mod.dz= 

h(?v0 ll [ ( 1 ) J 
=-2- MOO. 1 - ~12P dz 

lI¥6IJ.TOK'.b JJ;aBJieHi.lI co CTOpOHhl CTpyu, Ha BCIO ~eRy QB: 

6y~en 

P,. =hr?;·~ "'~a. J~' (t;'P-t;'-P)'dw 
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H Ha ~eRy OA ~=hi·· Moa·~JcF'-t-'-P)dw 

Ha OCHOBaHill Tf>X'1 :me coo6pameaiii, ROTOpm:r 6hlJIII yRa

.3aBhl rrpII rroJiy11eBiII JIHTerpaJIOB'.b (16) H (17) Ha.xo.n;IIM'.b 

P h(!v0 
2

bj'v, { [ () cs81 V< () csB, ) 
2 I lp - I=-- CS + + CS + - j-

TC Y1-e-v · V1-e-v 
0 

[ cs8 V csO 
2 J-p}d - cs()+ 1 + . (cs() + 1 

\ - 1 v 
Y1-e- v V1-e-v 

h(!v0 
2bj~v. { 1 cs.e, v· csO ll - P ·~ =-- L-csO+ --== + (csO- ' ) -lJ-

TC o Y1-e- v v't-e-v 

-[-cs()+ csB, +, /(csfJ- csB, ) ·-1 J-p}dv 
VJ-e-11 V Yt-e-11 

1rnn, BBO)J;.:1 rrepeMf>HHiiI.lI u H v ITO yp. (18) lI (20) 

P, = 4bvo •h_:s•O, (! s: 1.,2 __ 9.,M" ~~~;~:~~~~~-;1~.'!2du'>" " "~ -1 ~ '(22) 

p _ 4bh(!v0 
2cs 2f:I, f' (v- P-vP)v(1-v 2)dv 

23 2 
- TC l. (v

2+2vcsa,+1)(v'+2vcs8+1) (v 2+2vcsa2+1) ( ) 
• 0 

0THOCHTeJJbBO <lTHX'1 IlBTerpaJIOB'.b MOJI\.HO c.n;'JrnaTb T'6me 

3aMt•rnHiH) rta idH 6LI,Jll c,n;tJiai:rn OTHOC.UTeJlbHO MHTerpaJIOB'.b 

(19) II (21). 

§ 4. PascMaTp1rnaa caa11aJia 11acTHhlii cJiy11aiip= 1, 11aa11e 

roBopa c.rry11ail CTpyn, BCTptqa10~eii IIJiaCTllHRy IIOJJ:'b yrJIOM'.b 8, 
H3'.b (19) II (22) noJiy11aeML 

l ·=8bcs
2

8,j'' (1-u 2 )du (
24

) 
' n 

0 
(it

2-2ucsa, +1 J(u"-2iws8+1 )(u'-2ucsa
2
+1) 

p = 4bh(?v0
2
cs

28,S' (1-·u 2
)

2
dit (

25 ' n 
0 

(u 2--2ucsa, +1)(u 2--2ucs8+1) (u'--2ucsa
2
+1) 

PasJIOJRHB'D rrOJJ;'DHBTerpaJIDHYIO .n;po61 B'D rrepBOM'.b uaTe

rpaJif> Ba 11acTHiiI.lI .n:po6H, Mhl 6y.n;eM'b lIMf>TD 
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8 s (1-u 2 )du = _ 2 cs8 
(u 2-2ucsa, +1) (u"-2ucs8+1) (u'-2ucsa2 +1) T 

lg(u'--2ucs8+ 1)--2c~a'lg(u 2--2ucsa1 +1)-2c~~~lg(u 2-2ucsai + 1)· 
1 ' 2 

4 sin8 t u-cs8 
4 

sina, _ t ii-csa1 4 
sina2 t u-csa1 . - --arc g-- - - -a1 cg - --arc g 

T sinlJ A, sina1 A 2 sina2 

rp;1i 

OTCIO)l,a 

T=(cs8-csa
1 
)(cs8-csa

2
) = -cs 28

1 

A
1 
= (csa, ~csB)(csa, -csa

2
) = 2cs 281 

A
9 
=(csa2 -cs8)(csa2 -csaJ=2cs~81 

8 = f 1 (t-u 2 )du 

0 
(u 2-2ucsa1 +1) (u 2-2ucs8+1) (u 2-2ucsa2 +1) 

(26) 

csB l 9 . 8 4 csa1 l 2 . a1 4 csa,. l 2 . a. 
- 4 -T g sm 2 - A g sin 2 - A g sin 2 

l 2 

_ 4 sin8 ( ~-~)- 4 sina, ( ~-~ )- 4 sina, (~-a2 ) 
T · 2 2 A

1 
2 2 A 2 2! 2 

H CJI1Jp;., Ha OCHOBaHiH yp. (26), 

l 2b{2 Bl . e l . a l . a, 
1 = n: . cs gsin 2 -csa1 gsin 2

1 -csa2 .gsin 2 + 

+ 2sin8 (7!.-~) -sina ( :'.:_':.; )-sina (.:: _ ':! ) \ (27) · 
22 1 2 2 2 22f 

3aM·.BuaH BO ATopoii qacn1 8, a, n a
2 

'Iepen rr-fJ; 

rr-a
1

, 1f'-a
2

, Hait~eM'h 

l = -
2b{ 2 csBlgcs ~ - csa lgcs a..!..._ csa lgcs a, -

2 n 2 1 2 ·9 2 

2 . 8 . a, . a.} - sine. 2+ sina, . 2 + sina2 • 2 (~8}· 

Hai1)1,eM'1, p;aJI·.Be, BeJI1Purny ~. PasJ1ara11 IIOJJ:'LIIHTerpa.JII>

Hyro p;po6I> (2 5), no.Jiy'laeM'.h: 

S (1-u 2
)

2du 
(u"-2ucsa1 +1) (u 2-2ucs8+ 1J(u 2 -2ucsa2 +1) = 

sin8 t u-csB sina1 t u-csa1 sina2 t u-csa, - --arc g-- ---arcg - --arcg----. 
T sine A, sina, A11 sina9 
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S
' (1-u 2

) 
2du 

0 

(u 2-2ucsa
1 
+1 ) (ii 2-2ucs8+1) (u'-2ucsa2 +1) 

_ sinfl (1!. _ ~)- sina, (1!. _ '2)- sina2 (1!. _ a 2 )' 

T ' 2 2 A
1 

2 2 A,. 2 2 

rd> T, A
1 

II .A,. ttM1iIOT'1 npeJirnia sBaqeaia. 0TCIO)l,a no <fJop

MyJiaM'.h (26) 

P 2bh(!v0
2

{ 2 . fl(TC 8) . (TC a,) . (Tr: a•)}(29) 
1 

= TC sin 2- 2 -sina1 2- 2 -sina2 2- 2 

a saM1>Baa 8, a
1

, a. qepe3'1, rr-fl, 1f'-a1 , rr-a2 , 

P 2bh(!vo!l{2. e . a, . a.} 
2 

= 1l sine. 2- sina1 • 2 -·- sina2 • 2 
(30) 

CKJia)l,:r.rnaa yp. ('27) C'.h (28) n (29) c·1 (30) n Has:r.rna.11 

p;.urny Bceit .crnacT11mm: qepe3'.h l, a )l,aBJJeHie Ha nee 11epes'1 P, 

noJiyqaeM'.h 

l = l + l = 
2

b_ { 2 cs Blgtg f!_ -- csa lgtg a1 
- csa lgtg ~ 

l 2 Jr 2 I 2 2 2 

+~(2sin8-sina1 -sina2 )} (31) 

P = P
1 
+ P., = 2bh(JV 2

0 
{ 2sin8-sina1 -sina2 } (32) 

Ilpe.iitp;e qfan H3C.JI'BJJ;OBaTb yp. (27) , (28), (29) , (30), 

(31) ll (3 2) npuM'13HUM'1 nx1, It'L TOMY lJaCTHOMY C.JiyqaIO, Korp;a 

CTpya HanpaB.rreaa nepnen)l,11RyJrnpno Ii:h n.JiacnrnK'h. T aR'b RaK'.h 

B'J:, 8TOM'L C.Jiy'lat 8 = ~ ' TO no <fJopMy.rrt ( 5) 6y)l,eM'1 nMi>Tb 

csa
1 
=-csa,; a 2 =rr-a, (A) 

H CJI1>p;. 

2 csBlgsin ~ - csaJgsin ';; -csa,lgsin ~· = - csaJgtg a2 

8 a a a 
'2cs8lgcs 2 - csaJgcs 2 - csa2 lgcs 2

2 
= - csa2 lgtg 2

2 

2 
. 8 e . al . a2 n (1 . ) sin . 

2 
- sina

1
• 2 - sina2 • 2 = .2 -sina1 

0 . 
8 

( 1l e) . ( n a,) . ( n a1 ) n(l . ) ~sm - - - - sina --- -sina - -- =- -sina 
2 2 1 ·2 2 2 2 2 2. 

4 
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TaR'L qTQ yp. (27), (28), (29), (30), (31) 11 (32) npIIHIIMaIOT'l> 

BIIJl.'1 

l = -
2
b{csa lgtg a, - '.: (1 - sina )f\ =l 

i n 1 2 2 1 • 

l" = ~{ csaJgctg~1 + ~ (l-sinaJ}=l1 

P1 =bh(!v
0 

2 (l -sina
1
)=P. 

P
2 

= bh(!V
0 

2 (1 - sinai) = P, 

l=l +l = - 4
b{ csa lgtg a, - :: (1 -sina )} 

i 2 'TC 1 2 2 1 

(33) 

(34) 

(35) 

(36) 

(37) 

P=P,. +P. =2bhgv0 '(1 -sina1 )= 4bhev. 'sin 2 (i-~1 )(38) 

Yp. (33) II (34) no1taswBaIOT'1, 'ITO TOq&a pasB'BTB.rreHia 

pas.n;'.B;rnrom;eii: JIIIHiII Torta 6p:eT·.n Haxo,n;IITbCa rrocpe.n;rmt nJia

CTIIHim. Corroc·raBJIJl}l CITOT'1 pesy JlbTaT'l> C'b yp. (A) II yp. (35) 

II (36), MbI npHXOJUIM'h R'l> sa&.rrro'IeHim, qTo CTpyu OE H OG 

CllMMeTpH 'IHfJ OTHOCHTe.JbHO rrpaMOH, rrpoBe)l.eHaoii: qepesr, ce

peJJ.Irny rrnacTirn1rn nepnellJl.llity mipno RT:> aeii:, II Jl.al3JleHi.H Ha 

o6t IlOJIOBIIHRII OJl.IIHaROBhl. 

lfac.1113.ll,y.a, .u.adrn, yp. (37), .u.arom;ee sam1cn:ri10cT1> 11rnm,,n;y 

BeJIIIq1rna:rirn l, 2b II al' Mhl BB')l.IlJvI'b, qTo MHOJitRTeJib CTOJJm;iii 

BO BTOpoii: 'IaCTH 3Toro yp. H saBHCJJm;iii: 0'1"1 al, BCer.n.a<O; 

6y,n;yqn: panea'l>-co rrpll a
1 

= 0, OB'l> yMem;maeTCJJ no a6co

JIIOTHOM BeJill'1IIH1i C'1 B03pacTaHieM'1 al II ,n;1rnaeTC.ll panHhlM'l> 

7l 
Hy.'IIO npII al= 2 . IloBTOMy, ec.m Mhl 6y,n;eM'1 yBeJIH'IIIBaTb 

,n;JI1rny rr.rncrumrn, ocTaBJiaa mIIpIIBY CTPYII BeRSM'BBBoii:, yroJIT:> a 1 

6y,n;eT'1 yMea1maT1ca, a yroJI'b MeJitJl.Y HarrpaBJieaia:MII crpy:ii 

OE II OG yBenPrnnaTbC}J-BTH cTpyII 6p;yn pacxo,n;IInca nee 

60JI'l>e Il 6oJite II npII l =co c.n.11JiaIOTCa rrepneB)l.IIKyJIEpH1IMH 

R'b nepsoaaqa.rr1B0My BarrpasJieBiro c.TPYII CO. Hao6opo-r·I>, Ror.n.a 

:M11 6yJ1.eM'1 yseJIH'IIIBaTb mIIp1rny C'l'PYII co OT'1 0 Jl.O co, 
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OCTaBmrn Jl..lIIIHY lIJiaCTIIHitII HeIISM11HHOii, al 6y,n;eT'1 BOspacTaTb 

on 0 .n:o i, T. e. yro.rr'l> Meat,n;y HanpaBJieHiHMII CTpyii OE 

II OG B'l> 6es1toHeqHoCTII 6y,n;eT'1 ,n;tJiaTI>c.a Bee Mem:.me II MeHome 

III npu b =co 3TOT'I> yrOJI'l> 6y,n;eT'1 paBeH'l> Hy.uo. 

c 
I 
I 
I 

~ E G 
Puc. 8. 

Yp. (38) n0Ras11Bae·n, q•1·0 ,n;anJ.Ienie CTpy11 Ha nJiaCTIIHRY 

nponopn;ioHaJinHO rwa.u.pary · c&opocrtt crpyn. R.oaqiqrn:n;ieHn 

nponopn;ionaJI1rrocT11 He ocraeTca ncer.n.a rrocroaHBLIM'l>, HO 

1I3M'BHaerca B'I> saBIICMMOCTII OT'1 mIIpIIHhl CTpyII H Jl.JlllHhl IIJia

CTHBRll. EcJUI MLI 6y,n;eM'1 C'IHTaTb. mIIprrny II crwpocT1 cTpyH 

BeIISM11HBhlMII, a 6p;eMT:> II3M13HaTb .ll,JIIIBY IIJiaC'rIIBitH OT'l> 0 

TC 
,n;o co, ro, rtarn MLI m1,n;1l;rn, yro.JI'l> a

1 
6y.n.er'1 y611naTb OT'l> 2 

Jl.O 0 II CJit.n;. P sospacTaT1, Ba'lrrnaa on BY JI a II Beorrpe.n;1>

JieBBO rrp116JIIIata}ICb lt'b 2bh(!V 2•• 1lTo6LI II3CJI13,n;onaTb aaBHCII

MOCT]) .n.aBJieBia: OT'1 m11pHBhl CTpyu, IICKJIIOqIIM'l> b ll3'1 yp. (37) 

H (38); IlOJJyqIIM'l>: 

l 2 { csa1 lgtg ~ TC} 
p= - nhQv

0 

2 i-sina
1 

2 

• 
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MLI ynte nII,n;i>.11H, qTo npH yseJIHlfeHiH mrrpHaLI CTPYH 

OT'b 0 HO co yro.11'1 a
1 

BospacraeT'1 OT'b · 0 .n;o j. IIpH a
1 

= 0 ' 

OTHomeeie ~ !1.ilJiaeTcH 6es1wHe'!HLIM'b H cd>JJ:. !l,aBJieHie P= 0. 

Ror.u;a a
1 

6y.n;eT'1 sospacTaTh, TO IIepBLiii q;Jee'b BTopoii qacTH· 

6y,n;eT'1 y6LIBaTb no a6CO.IIIOTHOH Be.Jlll'Hrnt II CJit,n;oB., rrpH BOS• 

pacTaHiH IDHpHRLI CTpyH OT'!. 0 11.0 ex., ,n;aB.11eeie p 6y.n;eT'b 

nospacTaTn ea'!HHaa C'b epa. ilpH b=co BTopaa qacTn npH-

Hn:Maen aeorrpe.u;t.JieHHiiifi BH.l\'1. Ho npe.n;c•rasHB'b ~ n'1 BHd>-

1 l t a1 
i= - ~{~ 992_12} 
P 7r(!hv0 ' 1-sina, 2 

cs•a
1 

1 

JierKO BH)J;i>'l'b, 'ITO lim. 
(-1- l a1) . cs•a1 
, csa

1 

9tg 2 · = lim. (- 2 !.) 
tg ~'sina1 2 

1. ) = - 1 l . (- ' = im. sin a1 

n 'ITO C.Jitp;. HCTlIHBOe 3Ha'!eHie ~ npII b=co eCTb 

l 2 { Jr} rr+4 1 
p= - nh(!v

0 
2 -

2-2 = -;r h(1v
0

" 

OTRy.n;a P= lhov • ~!!.- -
' 0 4+7r 

npe,n;tJibHOe .u;aBJienie npH 6esKOHe'!HO-mHpOROM'b IIO'l'Oitt. ::ha. 

cpopMyJia 6IJJia BIJBe;i;eHa Kirchhoff' OM'!> *). Ee.JIM MIJ nocTpOIIM'I>· 

Rpnny10, BIJpaJKaroin;yro saBHCHMOCT1 MeJK.n;y ;i;an.JienieM'1 P n 

mrrpHHOii IIOTORa 2b, TO YBlI)J;lIM'b, 'IJTO oaa HM'BeT'b BHa11a.II'!>· 

•') Kirchhoff. • V orlesungen iiber mathematische Physik». 
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1nr1t·r, npnMoii 1nrniH, npoxo,!(mn;eii' qepes'Ii aaq,a.110 Koop.n;~rnaT'b, 

sa·dJM'b .11,irnaen KpyToii noBopon n necbMa 6LicTpo npH6.1IH

J1taeTCH K'b np.HMOH napaueJJhHOii OCH b; 'faK'b 'ITO .n;anJJeeie p 
C'.b sospacTar1ieM'b urnpnHIJ c·rpyn yBenJ111:1saeTCJI BHaqarh Bec:i,

Ma 6LICTpO IIO'ITJ:I rrponopQiOHaJinHO 2b, a IIOTOM'b OCTaeTCH 

IIOIJTM IIOCTORHHbJM'b. TawF., aanp., up~ mnpHH'B CTpyH, npe

socxo.n;am.eii ,11;.imay IIJiacnrnrtrr n·:i, 5 pa3'1, ;i:as.rresie P OTJIH..: 

qaeTca on npe.n;t.Jihaaro .n;anJienia npH b =co MeH'he lJ'BM'b Ha 

o.n;ay coTyro rroc.Jit.n;aaro. 

He ocTaHan.11nu aJ1Ch Ha no.n;po6noM'h Hsc;1t.u;osaaiH yp. (31) 

H (32), orrpewu.11nM'b .n;as1ieuie 6esrwae'!BO mHpOitaro uoToita 

ea IIJI8.CTl1HRy, HaKJIOHeHeyro R'b aanpan.ucHiIO IIOTORa IIOJJ;'.b 

yr.JIOM'.h {), 

,n;.rn 9TOro IIO.ITOJRHM'1, 'ITO BT> yp. (31) H (32) b Heonpe

.n;t.11eHI10 nospacTaeT'b; Tarn RaR'b npH b =co .n;.rrrrna rr.JiaCTHHKH 

ocTaeTca Roaeq rroii:, TO MHOIB.MTe11r, 1n yp ( 31), CTomn;iii B'b 

CR06ItaX'b, .l[OJJJIWH'f, npu b= ooo6pam.aT1CJ1 Il'1 Hy.uh, 'ITO 6y.n;eT'b 

1rntn MilCTo npH a 1 =fJ=a
2

• B·.b 9TOM'J, c11yqa1; o6pam;aeTCH 

B'1 HYJih ·raK.JKe MFIOJI\.HTe.111 C'l'Oam;iii B'b B@pameHiH p (yp. 32), 

n .n;as11eHie 11a rrnacnI1rny rrpunHMaeT'h neorrpe;r£.11emrn:H Bil)J;'h O.co. 

qTo6hl onpe;drnun HCTHirny10 BC.JIH'!nay .n;aBJieaia, no.110-

,iKHM'I>, 'IJTO al lf a. OTJJH'IJaIOTCJJ Ha 6e3IWF!e'IJHO ~l:a.IIIJH BeJIH

'IJHHIJ ro1 n ro, O'l''1 8. Tor.n;a, orpaaHqrrnancb 6esRoneqHo Ma

.1I1>1Mn B'I'Oparo nopn.n;Ra, naxo,n;HJYn, 

csa, 
m• 

= cs (8 + ro ) = cs 8-sinOGJ --cs{) -' 
l l 1.2 

(1)2 

csaJ =cs (8 +roll)= cs fJ-sinfJGJ
2 
-cs{) t.2 

sina1 =sin(fJ + GJ.) =sin{)+ csfJro
1

, -sin{)~'.; 

sina, = siu(fJ + ro,)-=sinfJ + cs{)ro
1 

-sin ;:; 
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a (O+(i)) 0 «> , «\ ll csO l t I l t I - lgt(I- + - ---g g2 = g g 2 - ·1 2 1ti110 1.2sinll8 

(i) (B+(i)) O m 
lgtg§!" = lgtg-2-2 = lgt.r;2+ si1;0 

(i)~2 csO 
1.2sin28 

1,11 Ha oceosaHiH 11epBhIX'.h ,11.nyx1, pa:JJJ0.11tc11 i ti HWh coornomeHia (5) 

• • • ) (,) I- (.c); 0 sznO(ro, + CJ
2 

+ tsfl 'L 
2 

· = 

' 0T1ty.n;a 

ll • ) 
(i)' +(i) 2 = -t,r;O( (,)I + GJ, (40) 

Ilo,Z1;cTaB.1Im.r, ,n:a.w1>e, B'L yp. (31) md;cTo csa
1

, csa., sina
1

, 

· sina2 , lg tg;1 
, lg tg;• HX'L paSJI OJl(Cll ia H orpamrqHnaac:n 

OeSitOHeqHo MaJihIMH B'i'Oparo IlOpSl)~l\.a, BaXO,ll;EIM'J, IIpH IIOMO~Il 
yp. (40): 

l= («\ +ro2 )2b{ 2 n 1 } 
n sinAcsO + 2 . cs8 

IIo.n:ooHhIM'b xte o6pasoM'n fj)opMy.rra (32) J(aen 

P= (w, +w.) blwv 2 

D I\ 0 CSt' 

Tait'.h ItaK'b )J;JIHHa rnracTIIBl\:I,Y H yrOJI'J, e llpl1 1303pacTaBiII mrr

pHHhl IIO'fOita OCTaIOTCJJ IJOCTOlHIIlhIMH' TO rrepBoe lIS'.h 8THX'h yp. 

1101tas1rnaeT'I>, qTo rrpu sospacnHiII b cyMMa ( ro
1 
+ ro

2
) .n:ou.tea 

yMeHblliaTbCll: 'faKHM'.h oopa30M'b, '!T06.bI IIpOH313eJJ;eHie ( GJ
1 
+ 0J

2
) 

2b ocTaIJaJioc:n rrocTona1111M'.h. OrrpeJJ;tJian 8'l'O rrpoHsse.n;eaie HS'.h 

rrepsaro yp. II IlO.ll;CTaBJIJJJl BO Bropoe, IIOJiyqfiM'b lfiopMYJIY 

2 nsinB 
P=lh(?Vo 4+n·cs8' 
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li'L xoTopoii HeTpy,11.Ho yseaTb <f>opMyJiy, .n;aenyio Rayleigh.*) 

§ 5. 3aiiMeMca Ha1wee~'.h 11scJit,n;onaeieM'.h ,Z1;aBJieHia crpy11 · 

Ba ItJllIB'.h. IJpH 3TOM'.h HSCJI'faOBaBiII Mhl op;eM'.h paSCMa1'pH

BaTb ,Zl;Ba cJiyqaa 1) &or,11.a o <p<l u 2) 1wr,Z1;a 1 <p<2 11 , 

IIOC'fOJIHHO oy ,Zl;eM'.h 110.IIhSOBaThC.H cf>opMYJIOit 

S 
1 xrn-1 rrsin(1-~) (n-8') 
------dX= N + 
X'N-2xNcs.'.J'+f 2N, ' {t ' mTC o sin sin-rv 

1 k;£- ' . [ &+27cn 0 ] l . &+2kn 
+ N. . "' sin . m N - v gsin 2N sin11 k=o -

8'+27crr 
HJIH npo~e, ooosea,rna n qepea'.h CJ, 

J
··1 xm-1 

0 

-x-::•N--2xN_c_s_tt_+_1 dx = 

1TSin(1-~) (1T-8') i 
2N.s· 8'. m.n +N. "':Esin(mro-&)lgsin°' (41' 

in sin---iv sin11 2 } 

1t0Topaa cnpase,n:J11rna TOJihKO npII m <2N II aepaBHOM'.h N 11 · 

li.OTOpaa Jierrto IIOJiyqaeTC.H, eCJIH paSJIOatHM'J, II0,11,'.hIIHTerpaJI:n-

11y10 .n;pooh Ha qacTHhI.H ,!1,poorr. B·h cyMM'I;i , CTOH~eii no nTopo:ii · 

11aCTH a Ta&me BO BC1>X'h .n:pyrHX'.h cyMMax'.h, &OTOphl.H HaM'.h . 

6yJ\yT'.h BCTp'f>qaTbcn, Mhl ee 6y,Z1;eM'.h oseaqa'fh rpanH~'.h cyMMH

ponani.11, IIOMlilll, 'ITO B'.h HHX'.h cyMMHposaaie rrpOII3B0,11,HTC.H no . 

k u·i, upeJJ;~haxn OT'.h k = 0 JJ;O k = N-1. 

lla!1;(eM'.h cHaqaJia HHTerpan, (19). Tait'.h &a&'.h 

1-u' cs28-ucs8 
('1~·-2ucsa, +1) (u"--2ucs8+1) (u 2-2ucsa2 +1) 2T(u2-2ucs8+1) 

+ __ . ~s2.a,-=-ucsa, .. + ~ cs-:t'l2 -:-ucsa2 • . (42) 

') l.01·d ltnyloij.(h. •On tho H1~si11la11cu of Fluids•. Phil. Mag. 
Vol. II . 18711 . 
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TO HHTerpaJI'b ( 19) pa3JiaraeTCH Ba cyMMy TpeX'b HHTerpa

JlOB'b BH)l,a 

1 j~'u1-P(cs2fl-ucsB)d cs28j··i u1-Pdu 
- U=--
2T u»-2ucs8+1 2T u 2-2ucs8+1 

0 0 

cs8 r 1 
U'-.p cs28 cs8 

-2TJ 
0 
u• - 2ucs8+1 du= 2T C- 21'D C43) 

K 
IloJiaraap=N n U=xN, IIOJiy'lttM'L du=NxN- 1dx, u1-Pdu= 

Nx2N-K- 'dx, u 2- Pdu = Nx•N- K- 1dx I:I no <f>opMy.1t (41) 

C=N dx j
., x2N- K-1 

0 
x 2N-.2xNcs8+1 

nsin(p-4.) (n-8) 1 'Pf} • [( 9 N K) O]l . r.> = +-.... szn _..._ - C.J- gszn-2sin8sin(2-p):n: sint1 2 

:n:sin(1-p) (rr-8) 1 'Pf} • ( T.T r.)l . lil = + -.., szn .ii.C.J - u gszn-2s in8 sinp:n: sint1 2 

r.u.t 3Ha'leit'L 8, IIOCTaBJieHHJllii Ha,11,'b 3HaROM'b 2, IIO&a3LIBaeT'b, 

'Il'O B'b Bhlpameniu C.J Ba)l,o & saMtm1Tb 'lepes'L 8 

ECJIII p<l, TO N>R 11 3N-K>2N; II0:3TOMy 

D=N . dx= j. • x"N- K-1 

/C'N-2x·'cs8+ 1 

j. 1 s 1 x·1N-K-• 
=N x"'-K-• dx+ 2Ncs8 dx-

x N-2xNcs8+1 
0 0 

S' N- K-1 1 
-N x dx=- +2cs8C-E 

:c"N-2xNcs8-.. 1 1-p ' 
. 0 

rd C HM'.l3e:r'h npenrnee ssaqeaie, a E no (pOpMy JI'B ( 41) 

j . 1 XN-K-1 
E=N dx= x N-2xNcs8+ 1 .o 

· :n:sinp(rr-8) 1 0 • . ro 
= 2 . {l . (t J + -:-8..E szn[(N-KJC.J-8]lgszn-;::;; sin sin -p :n: sin ::: 

rrsinp(n-8) 1 'Pf} • 
77 

l . ro 
= -.;, .sin.ii.GJ gsin-

2sin8si~p:n: sin8 2 
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II o;\c·1·1wJUw uhlpa11;,enie D qepe3'b C ff E B'b yp. ( 43), rroJiy'lHM'L 

~ j' 'u• - P(cs28-ucs8)du = cs28 0 _cs8 (-1- + 2csOC-E) 
'2'L' u"-2ucs8+1 2T 2T 1-p · 

0 

1 cs8 · cs8 
= -2TC + 2TE- 2T\1-p) 

a 3aM'BBH.a sw£cL C H E HX'b saa'leHi»MH, aa:iip;eM'b 

~j' 'u 1-P(cs2fl-iics8).du 
·2T u2-2ucs8+1 

0 

_ 1 Jnsin(1-p)(:n:-8) 1 (}. . ro} 
- -

21
,l 2 . e . --. -82 sin(l(6J--8)lgsin-2 + 

. sin sinp:n: sin 

csB{:n:sinp(:n:-8) 1 {j • • ro} cs8 
+ 2T 2 . 8 . -:-82 sinKrolgsin-2 2T(1 ) . sin sinp:n: sin -p 

_ 1 f ncsp(n-8) 8 . . m} cs8 
- -2Tl 2sinpn +l: csKrolgsin2 2T(1-p) (44) 

.)(11a )l.pyrHX'L HHTerpaJJa, BXO)l,llIIl,llX'L B'L pa3JJO.i!teaie HHTerpa

J!a ... l l 9 ), OTJJH'laIOTCSI OT'h (44) TOJlbRO T'llM'L, 1:11'0 B'L BHX'L 

llM'BCTo T 11 8 r.TOHT'b cooTB'BTCTBeaao A, 11 a,, Aj e: a •. 
I l08'l'OMY' saMiiHHB'h B'b npe)l,'hll)l,YIIl,eM'L yp. T H e qepe3'L 

A, H a,, A» H a
2 

H CRJia,!l,bIBaSI noJJy'leHHbIH TPH yp., Haii.n;eM'b 

B'I.Ht'lCaie llRTerpa.Jia ( 19) H 6y.u.eM'h HM 'BTb 

= ---- --- + + + l 4bcs 281 { n [csp(:n:-8) csp(n-a,) csp(:n:-a2 ) l 
• n 2sinp:n: T A, A2 J 

1 0 ro 1 a, ro 1 a2 ro 
+ T l: csK6Jlgsin2+ A 1: csKrolgsin 2+yl: csKrolgsin2 I 2 

1 ( csfJ csa, csa2 ) +-- --+-+-1-p T A 1 A 2 

~I JI 11 0 ltOH'raTCJlhllO, na OCBOBaBiH yp. (2 6) H ( 5 ), 

I, 2fJ ( rr r 1 - , .- 2csp(n-8)-csp(rr-a )--csp(7r-a ) + ;r l !. sml1rr 1 2 

IJ r.J a1 ·m a~ 0 } 
1 2~·1·s /\'<.,f.11si'll-:;_-~ cs T<cvl,r;sin2- 2 csK&Jlgsin

2 
(45) 
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0TCIO.l(a, saMirn1rn'I> 8, at, a, qepes'I> :rr-8, :rr-a., :rr-at II 

o6osHa'IHB'I> BLipamenie, B'I> KOTopoe o6pam,aeTc.a ro rrpIT sa

M'lrnt & qepes'b :rr-f> 6yKBOit GJ', nait,l(eM'I> 

l = 
2
b {---!!--- r 2csp8 - cspa - cspa J 

a n 2sinpn " t a · 

(} al a, mt a11 m'} 
+ 2I csKro'lgsin2-I csKGJ'lgsin2-I csKco'lgsin2 (46) 

EcJIH p>l, TO N<K H 3N-K <2N B'I> aTOM'b cJJyqat G' 

6y.n.eT'b HM'l>Tb rrpe.;1rnee 3Ha'!eaie, HO 

D=N dx= S
t x•N-K-1 

0
x 2N-2xNcs8+1 

11sin(-2+p) (n-8) 1 (} . [ J . M" 
= 2 8 . (3 l +-:--81: sin (3N-K)ro-O lgsin-2 sin sin -p n sin _ 

nsin\2-p)(n-8) 1 {} . . m 
2 

- 8 
. . 8~ sin(Kro-28)lgsin2-sin sinpn sin 

IIoaToMy yp. (43) rrp1IMen BR.l('I> 

1 (''u'-P(cs2fl-ucs8)du= 
2TJ, u 2-2ucs0+1 

• 

_ cs28 J rrsinp(n-8) ~ I sin(Kro--8)lgsin- + o {j ID} 
- 2T l 2sin8sinpn szn8 2 

+ csO{nsin(2-p) (n-8) + ~.1;8 sin(Kro-28)lgsin~}. 
2T 2sin8sinpn sin8 2 

= _ _!_{ncsp_(n-0) + 1:8 csKrolgsin~} (47)· 
2T 2sinpn 2 

IIocTynaa C'Ii aTHM'Ii yp. Ta&.me, KaK'b pam,me MLI rrocTyna.mr 

C'Ii yp. (44), Ha1i.n.eM'b 

= ~~ + + + l 4bcs'8, { n [esp (11-8) esp (n-a,) csp(n-a1 ) 1 
1 n sinp11 T A 1 A11 , 

1 (} ID t a1 M 1 aa mt 
+ T2 csKrolgsin2 + ...4

1 

I csKrolgs~n2 + A
2

.1; csKrol'gsin 2 f. 
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11:c.1111 3<1M13H11M'I> T , At II A
2 

HX'D 3Ha'!eHia::arn no yp. (26), TO 

llOJIY'lilM'b ).\JIH l, rrpe.arnee Dbl paJtteHie ( 45)' Ta1n lJTO 3aBIICll

MOCT1 l, II, CJJ'.1.l(., l 2 O'r'J, yr.l!OB'b () , a
1

, a
2 

Il IlIHj)IIDhl IlOTOKa 

'Lb OCTaeTCH O,l(Ha II TaJI,.C 6y .n;eT'b JllI p <1 lIJlll p> 1. 

OnpeA·h.rruMT>, 1 .l(a.a·ne, ,n:a13JleRiJ1 Pt n P., na m,eitu RJuma. 

Ha ocHonanin pas.rroiReHiJI ( 42), MIJ n11,n:n:M1J, 'ITO IIHTerpaJI'b 

(22) npD:BO,l(llTCJl K'b cyMM'B 3 - X'b IlJJTerpaJIOB'b IJH,l(a 

_!_J' 1(u- P-iiP)ii(cs2tL ·uc:i;)d =-1- ~· \i'- P(cs28- iics8)d _ 
2T u"-2ucsB+ 1 u 21' 1.i2- 2ucs8+1 u 

0 .. 0 .;.. 

_ __!_j' 1ii 1 
+ P ( cs28-iics8) du 

2T u 2- 2ucsB+1 
0 

( -1 8) 

Ilepn11:ii: ll3'b IlHTerpa,10B'1 BTOpo:H qacnr Ha:J\'1'1 H3B'BCTeH'b 

(yp. (44) Il (45)), BTO]JOH JI\e pas.rraraeTCll Ha cyMMY ,l(BYX'I> 

_!_s 1uH·p (cs2B-iics8) du= cs28J" ii' + 'Pdii 
2T u'-2ucsfi+1 21' u'-2ucs8+1 

0 0 

__ csBJ'' u2+Pclii = cs2B F- cs8 G 
2T 

0
u 2---2ucsfl+1 2T 2T (49) 

/( rr OJioraa B'b HJ1X'£, KaI'L'h :II pam,me, p = N a u = xlf, rro-

JIJ'lffM'1 du = NxN- 1dx, u 1+P= ,-r-'" +K, 'l(+fi=X'N+K H 

F=N dx= J
• 1 x'N+K--1 

0
x""-2xNcs8+1 

· 1 j'' N+K-1 
= N) xK-• dx+ 2Ncs8 ' V x 2 ~' e .dx-

x-1 - x ' cs + 
• 0 0 

12 xK-1 1 
-N 2 v 2 N fJ 1dx= -+ 2csfJJI-J. 

ox' - x cs + p 

G=N dx= St x·'N+K-1 

0 
x•N - 2xN csB + 1 

•I 

= Nj 
0 

(xN+K- 1 + 2xK-1csB)dx + ( 4cs 28-1 )x 

XN x dx-2cseN . dx= 
·j• t N+K-1 - 1 xK-1 

0
X 2N-2xScs8+1 j 

0
X 21'-2xNcs8+1 

3 
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i" 

ii 
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1 2cs8 2 
=-+-+(4cs e-l)H-2cseJ 

i+p p ' 

Ta:K'I> l!TO 

_!_ j'1ii'+P(cs28-ucs8) du= cs28{~ + 2cseH-J}-
2T u 2-2·ncs8+1 T p 

0 

-- cs8{_1 __ + 2cs8 + (4cs28- l)H - 2cseJ} 
2T i+p p 

= -~{~+ cs8 } +2~{J - cseH} 
2T p 1+p 1' 

Ho no q}OpMpt (41) 

J=N 2 , , dx= . . + S 
1 xK- 1 n sin(1-p) (n-8) 

0
x 1

' --2x1'cs8+1 2sin8sinpn 

+ _;:_
8
1:

0 
sin(KGJ -e)lgsin1-

2
u 

sin 

II Rpo:11d Toro, ec.JJIIp<lJ N>i(rr cJit,n;. N+K<2N, 

a noToMy 

H=N dx = ----- + 1
1 xl\· ·:·Ii- 1 nsinp(n-A) 

0 
x"N--2xl\ cs8 +1 2sinflsinpn 

+ ~e 1:
8 

siu[(N + J()w- e]lgsin~ 
sin :11 

_ nsinp(n-8) +-_1_ 2 8 sinffr.Jlgsin~; 
- 2sin8 sinpn s1m8 

~s
1

ii 1 +P (cs28-ucs8) du= - ~1 ~-+ csfl 1 + 
2T 

0 
u 2-2ucsfJ+ l 21'\p 1 +pf 

1 {ns1:n (1-p) (n-fJ) 1 fl . . w 
+ 

2
T 

2 
. e . + --:--8 I: sin(J{c,J-8)lgsin9 -sin sinpn siii -.. 

(] nsinJ?(n-fJ) csA l:fJ . r7 l . 0 } -cs . 0 . . .. 
1 

sin11.C.J gsin
2
-

S tnl'sinpn sin• 

(50) 

___ 1_{~ csfl} _1_{ncsp (rr -f1) _ A . ~) 
- 21' 'P + 1 + J' + 21' ' 2sinpn l: csKwlgsin2 f 

qr, 
- .J,) -

II OJ\CTanJrnl1 3Daqcnie aToro llHTerpa.rra 11 HHTerpa.rra ( 44) 
11'1> (tlH), UOJIY'IH:rin: 

_1_J' '(ii-P-iiP)u(cs28-ucs8) du= _ _!__{ncsp(n-8) + 
21' u2-2ucs8+ 1 21' 2sinpn 

0 

e ' (;)} cse 1 { 1 cs8 } 
+ l: cs](wlgsin2 2T(1-p) + 2T P + 1 +p ·-

1 {ncsp(:r-8) ~e TT l . w} - 2T 2 . - ..:::. CS.o._W gsin-
2 sinpn 

ncsp ln-8) 1 { 1 csfJ csfJ } 
= - 2l'sinpn + 2T _p+ 1 +p ~1 p (51) 

EcJIIJ p>I, TO N<K, N+K>2 N. B·r, aTOM'I> c.11y11at J 
l1M'll€T'J, npe.mrree 3Blt'lerrie, BO 

H=N ,,- x . dx = N xl<-N-•dx+2Ncsex S' N+[- 1 S' 
x'1'-2x1'cs8+1 

0 0 

J
" xl\ - 1 j'' x K- N-1 1 
o x"'''-2xllcs8 +1dx-N o.z'N-2xNcs8+ 1clx = p-1 + '2csfJJ-L 

r ;d> L no qiopMp·J; (41): 

L = N~· 1 
xK--N-i d = nsin(2-p)(n-8) 

x'N-2:r.iYcs8+ 1 x 2sinfJsin(p-1) n + 
• 0 

+ _;:_e 2
8 sin[(K-N;m-fJ]lqsin~ 

Stn ' :<i 

nsin (2-p) (n-fJ) 1 ~e . ( r7 2 )l · m . . + -. - ,,;, sin 11.W- fJ gsin-
2sin8 sinpn sine 2 

Bnoca Bbipaa;eHie H qepen J 11 L B'I:. yp. (50), rroJJ.yqnM'I:. 

_1_ j'ii 1 +7'(cs2A-iics8)du=--1-{~+ csfl }+ - 1- {J- cs8 _ 
2 '/'. ii"-2iicsfl+1 21' v 1 +p 2T p-1 

-2cs 2eJ + csfJL} 

= - - -+----- +- cs8L-cs2fJJ 1 f 1 csA csfl } 1 f } 
2'1' lP 1 +p 1-p 2Tl ' 

3* 
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a saMi>Haa J II L HX'b srraqerriaMn:, Haii,11,e1110: 

~s 'ii'+ p (es28-uesfi) du= __ __!__{ 1TS'in (2-p) (rr-8) es8 + 
21' ii "-~ues8+1 21' 2si11Bsinpn 

0 

es8 ..,@ • (]7 28
)l . ro rrsin(1 --- p) (n-8)es28 

+-.- ,.:;., sin i.GJ- gsin-- . . -
sinfJ 2 2sin8sinpn 

es28 ..,e . ]j7 )l . ro) --. - ,.:;., sin( i.CJ- fJ gsin- t 
sine ~ f 

_ _!_ J ~ + esfl _ esfl l = rr esp ( rr-fJ) _ J;e csKCJlr. sin6! _ 
21'\p t +21 '1-p J 2sinprr g 2 

---- -+----1 { 1 es8 es8 l 
21' p 1 + p 1 - p J 

II pn uoMOlltM noro yp. II yp. ( 4 7) MbI rrpnBep;eM'J, yp. 

(48) cHona r\.'h (51), TaK'b qTo snaqerrie HHTerpa.11a (51) oc'l'a

eTC}I o,11,rn1M1, II T'BM'h .nm 6y,n,eT'h JIFI p<l 1vrn p> l. 3a111·.BH.irn 

B'l> HliX'h T II fl qcpes·1 A, II a,, A
2 

M a, , Mbl ITOJiyqnMT> u 

,n:pyrie ,n,na lif!TerpaJm, Bxo.n.amie B'h pasJJoa,errie 1rnTerpa.aa 

('2 2) H 6yJJ.eM'h liM'BTb 

P 
_ 2bh(_Jv

0 
'es'8

1 
J TTesp(rr-fi) nesp(n-a1 ) nesp(n-a2 ) 

• - - 1r l 1' + A , + A
2 

-

-~ I ~ + est! _ esB _ _!_ ! + esa, _ esa, __ _!_ ! + 
1'1zi t+p 1-p) A,(p 1+p 1-p) A,(p 

+ esa2 _ esa, ) l 
t +v t-v f' 

n11n, no,11,cTanHB'h BMiicTn T, A,, A
2 

HX'n sna•rnrrin no yp. (26) 

n no11r,synch yp. (5), 

bh(Jv 
2J } ~ =-.-.-0 l 2csp(:rr -8)-csp(rr-a,)-csp(rr- a2 ) (52) 

sinpn 

0Tc1011a, sa:rid>HIIB'h 8, a, II a. •rnpesn :rr:-8, rr-a, , :rr-a
2

, 

p = b~f!vo 
2

{ 2csp8-cspa:-cspa
2

} 

' sinprr 
(53) . 
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ll:t·i. yp. (f>2) H (53) MOil\.BO UO.ll)'lJMTb IJ()CT>Ma llf)()CTOC 

11 1.qm;1:<•11ie JtJI.H npo:nu1i11 na rrcpnoHa•rnJJbHOe nanpa1ucnie CTpy11 

('() ( 'H'flT. 1) pa111Jo,11,·Mcrnymm.eil: o6orrx'h }tanJreHii1 I-
1 

II J~. 

Ta1t ·1. 11.ar.T. rrarrpaFLrnHie J1.an:1eHia P, HOpMaJibHO :in lll,erd:> 

11.111111a ti, a CTpya CT, :=no!ri u~e:iw:ii o6pasyeTo yrOJI'b p8, TO 

y1·0.11·h MC;11p;y nanpauJJeHieM'L P, n HarrpaB.JieHieM'h CTpyrr 6y-

lt<"J"f, ~--p8 H rrpo:=>rtII,iH .n:aBJreHia P
1 

Ba HaupaBJJeniH cTpyrr = 

~ sinpfJ; rrol(o6HllIM r, me o6pasoM'b upo:::rnII,ia p;aBJJeHia 

1: ua TOiite narrpaBJieHie = F
2 

sinp(rr-8). CyM111a :=>Trrx'h P:BYX'h 

11 po::iitII,i ii: ,n:aeT'h npo:=nu~im pasHo,n,'BiiCTnymm;eil: 060I1x'b p;aBJie-

11 i H, Tait'.h q'l'o, nasHBaa ee qepe3'b P
0

, Mbl 6y .n:eMo HM'B'l'b 

p = b/~f!vn 
2 

fl :2csp(:rr--· fJ)sinp8-csp(:rr-a
1
)sinp8-csp(:rr-a)>< 

0 sinpn 

xsinpfJ+ 

+ 2sinp(:rr - 8)csp8-sinp(rr-a.)csp8-sinp(:r-a2 )csp8} 

~ = bhev0 "{ 1-csp(e-a,)} + bhev0

2
{1-csp(fJ--a,)} (54) 

· p bk '{ . • 8-a . 2 fl-a2 } ( MJJII 
0 
=2 9v

0 
sin·p~+sin ~ 55) 

Yp. (54) ,11,oCTyc11,aeT'h BCCnMa rrpocToe TOJirtoBaHie. Bo ca

MOM'b ,11,'BJJi>, BOo6pa3IIM'b JlllHiIO TOKa, rrpoxop;Hm;ym qepe3'b Bep

m1rny 1mma H pasJJ.ilJJaIOm;ym cTpyro CO na p;n1; 11acTII-rrpa

Byro n JJ'BByro, li3'h rtoTopLIX'h OJJ.Ha-np1tBaa o6pasyeT'b noc.111> 

ncrp·l;qn Co KJIIIHOM'1 CTpyro FG, a ,n,pyraa-JI'BBaJI-cTpym DE. 

Ta&'b I\a&'h crwpocTrr BctX'h qaC'rm::i;o CTPYH rra 6esRoHeqHOM'b 

pa3CTOlIHi11 OT'b RJJIIHa =Vo l:I TaR'b RaK'b 06'heMbl .iKilJl;KOCTl:I 

npoTeKarom;en B'h o,n:Ho II Tome npe111a qepes'h nouepeqrrhIH ct

'ICHi}1 cTpyil DE rr FG paBrrhl, To Ha 6es&orre'IHOM'h pascToa

niH OT'b RJJ1rna mrrpIIBa CTpyii: DE II FG II qac'l'eii: CTPYH CO 

oyJ\C'I"J, op;nHartoBa rr paBaa b. 
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IIoaTOMJ bhpv
0 

o6o:maqaen Macey ;1;n,11,1wcTII rrpoTertarom;ell'. · 

B'b e,11,IIBHIJ,y BpeMem1 qepes'.b rrorrepeqmrn · cf;qeHiH lta.1.1.tJ1.0ii H3'1> 

1:1acTe:ii cTpyrr CO rr rtam)l.o:ti rrs'h cTpyll: DE II FG, a rrpoIIs

Be)l.eHie bh(!Vo 2 IWJnrqecTJ30 )l.BHilteBia 3TOM MaCCIJ. 8To Jlte 

rrpo1rnBe)l.eHie npe,11,cTaBJu.ien npoertIJ,iIO rw;rnqecTna ,11,BrrJiteHi.a· 

:rtaJ:rt,u;oii ns·.r, qacTe:ti cTpyrr CO Ha eJI HarrpasJieHie. Ta:rt'.b :rtaR'L 

HanpasJierris CTpyli D.E II FG o6pa:-iyroT'.b B'.b 6es1wne1:1nocTH 

C'.b Hanpa1rneBieM'1 CTpyn co COOTB'ETCTBeHnO yr;rn p (a2 -8) 

H p (8-a,)) TO rrposrn:r;irr IWJIIHeCTB'.J, Jl.IHIJl'ieHiJI 3TIU'b ).(BJX'b 

CTpy:ti 6p.yn bhpv
0 

2csp(8-a
2

) .u bhpv
0 
"csp(8-a,) n rro-

TOMy IIS'b yp. (54) aart.11101:1aeJYn: nposrtIJ,ia rra rrepsoaa1:1aJI1-

HOe nanpasJieHie CTPYII panao,11,·.B:ticTnyrom;eli ).(a1rneBili P, II ~ 

paBHJieTca pieawreairo sa nee npeMn ).(BHateHiJI npos:rtIJ,in Ha 

TOate uanpaBJieHie It.0.'flilJeCTBa ).(BIIJlteHiH CTpyII. 

Kor,11,a Hanpas;reaie CTPYH 6yp;eT'b ).('BJillTh norro.JiaM'£ yroJI'h 

n n 
MeJK,11,y CTnpoHaMH ItJilrna, T. e. p 8=p2 llJill 8=2, TO no co-

OTHOIIIeHiIO (5) a2 =JT-a, Ii CJl'B,11,. no yp. (45), (46), (52) 

II (53) l1 = l., ~ = P., TaRHM'1 o6pasoM'h .n;anJieHiJJ cTpyx-1, Ha

rrpas;reaie IWTOpoii ,11,'BJIII'l"b IIOilOJiaM'b yrOJI'.b MeJ:rt,11,y CTOpOHa-

MlI pasao601:1Baro RJIIIHa,' Ha o6t IIJ,eirn rtJIIrna 6y.n;eT'b O).(IIHa--

1wno. B'h STOl\I'b cJiyiia·l; yp. ( 55) o6pam;aeTcn B'h 

2 • 2 ( n ai) po = 4bh(!'l'o sin p 4-2 

ns'L rw:rtoparo npH p = 1 rro.iry1:1aeTcn yp. (38 ). 

§ 6. I10KaJ1teM'1 B'1 sa:rtJiroqesie, :rta:rtHM'h o6pa30M'h II3h <fiop

MYJI'h (45) rr (52) BhlTeRaEOT'h <fiopMyJILI ,11,arrnun Mem;epcKHM'L *} 

,71;;ra .u;as;reafa aa RJIHH'L 6es:rt0He1:1Ho nrnpo:rtaro noTo:rta: ,ll;JIJ:r 

aToro npep;rro.11omIIM'L, 1:ITO mHpIIHa CTpy11 aeonpe)l.tJieHHO nos-

•J Mem;epc«iH. «l\T. uoupocy o corrporBBJ.eniH ilHl.il.R'Ocreih· ... 
.iKypHan Pye. cf>H3. Xmn. Oom;ecrua. 1886 ron. 
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p1t1"1·111"1"1.. Ta1t·1, itart'h 2b nxop;JJT'h a'b BbipameHie l, MHOatnTe-

11 •M '1., a 11p11' 6csrwHeqHo mHporWM'1 rroTOR'B-:rtOr).(a b=oo 

I. I If 1 l lL I, 11\CTrn OCTaeTCJI IWHe1:IHOH, TO ,11,pyroii MHOJitHTeJI1 

1rn1p11!i 'l:LC'l'l'l (45), CTO.ll.m;iit B'b c1t06:rtaX'I>, fl,0.[fil,eH'I:i rrpn b=OO 

11np1111\1LT1.cll w1 rry;r1, .n;;m 1:1ero ,11,0JIJRHO 6un a, =8 =a 2 , B'L 

, 1·1 · 11~1·1. <' .11ria·.B c:rto61m Bblpaateaia P, Ta:rtme o6paID,aIOTCa B'1 

11 y.111 . 11 P, npumrnaeT'l> HeonpeJJ;1rneHHIJii: BH,11,'£ a.co. qT06IJ HaiiTH 

1H"1·1 111rroc saa1:1eHie l, 11 P, noJIOJIUIM'h, 1:1To b em;e ae c.n;t;rn

.11 oci. OC3LWile1:1HblM'J1 li yrnI a, ll a. He o6paTllJIIICb em;e B"b 8, 

110 0·1·.rnqaIOTCa OTb Bero . Ba 6e3ROHe1:IHO Jl.IaJiblJI Be.7lHlJHHbI 

<·>, 11 Q
2

• Tor,11,a, orparrM1:11rnanc1 6e3rwaermo MaJihlMII nToparo 

llO(lll /~Ii.a, Mb! 6y.n;eM'b l:IM'BTh 

csp(:rr·-aJ = csp(:rr-8---(,)
1 
)= csp(:rr-8) + psin(rr-8)Q1 -

2 cu, 2 

-p csp(:rr-8)-
1.2 

·sp(n-a
2

) = csp(rr -- 8- Q
2

) 3C csp(:rr - 8) + psinp(n-8)w2 -

(,) 2 

-p 2csp(rr-8) 1 ~2 

H na OCHOBaHiH 3THX'b pa3J10JlteHiH 

2csp(:rr-8)-csp(n-a,)--csp(n-a2 )= 
(j) 2+0 2 

-psinp(:rr-8)(w, +c,J2 ) + p 2csp(rr-8)~.!..... 

@ 2+0 2 

J.l.Jll:I., saMTIHilJI '. " 2 no COOTIIOIIleHiIO (40), 

2csp(n-8)-csp(:r-a,)-csp(:rr- a 2 ) = 

-( (,)
1 
+ w 2 )p "csp(:rr-8)tg8{ 1 + ;ctgetgp(n-8)} 

CJitp;. P, np1:1BnMaeT'b BH,ll;'h 

P= 1 

sin"8] 2 np
2
csp(n-8) { 1 } - lb( GJ, + (,)

2 
)-

8 
h(!v 

0 
• • 

8 
. 1 + -ctg8tgp(n-8) (56) 

cs sin sinpn p 

-
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.ll:aJite, np1rne,11)I l
1 

K'1 BH)J,y 

P, 2h f 8 . @ a, . 0 
l1 = 7-----;, + -

1
2..r csKGJloszn-

2 
-- .J: csf{GJlgszn-

2
-if?vo n v 

- .J:a1 csKGJlgsin~}, 

pasJioarnM'b cyMMIJ .J:a 1 
II .JJa' no CTerrem1Mt. CJ

1 
n: GJ

2
, orpa

HlI'IHBaac1 B'b pa3JIOl!leaiax'b TOJlbIW 6e3KOHe'IHO Ma.nuMH 2-ro 

rrop}1p;11a; pa3;iara i1 crraqaJrn cs KCJ, lgsin ~' 6y.n.e:M:'1 HM'tT1 

T? a
1 

-,;'(2!.;n ..... ()+0 1 -,;'(2kn+B K . 2kn+8 CS1i_(,) = CS11 = CS11 - -CJ sin---
N N NI N 

K' 01 • 27cn + e ~ _ K . 8 K2 m 2 8 
-Ns 1.2 cs N = csKGJ Nm1sznKCJ-N

1
1.1

2
csKCJ 

a1 
. 0 . 9.kn:+B+@ . 8+27cn: 1 8+27m lgsi~ = lgsin Ii- 2N 1 = lgsin-2N- + 

2
Nw, ctg 

2
N -

. e e e 
1 @, 

2 
1 . !i) (iJ\ 0 1 0, 2 1 . 

- L'iN' -1 2 9.J, Q = lgsin9 + '>NCt//2-- L'lN2 1- 2 --0' 
:a:- • • .) .... err + c1 .... ~ * . · 2 

sin" N sin 
2 

a 3aTilM'b, ITO)l,CTaJHJB'jj 8TH pa3JIOJReHia B'.1 cyMMy .J:ai, II0.1Iy
'IHM'1 

a . 0 8 K . K2 0 2 

.J: 
1 

csKCJlgsin2 = .J: ( csJ{CJ --~1 sinKCJ -N2 
1

:
2

csJ{CJ) X 

0 f ro 1 ©1 2 

X(lgsin2 + 2NCJ' ctg2-4N2 I:2 1 ) 

sin·-
2 

lIJIH, orpamJ'IHBa.ac1 6e3KOHe'IHO Ma.JIIUMII BTOparo rropa)J,Ita, 

~a, r,r l . (i) ~e . 0 <:'e (K . T7 l . m . ""' cs1i_GJ gsin2 = ""' csKCJlgsin2-CJ
1 

""' N sin1i_CJ gsin2-

1 ro ro ' 8 (K" . ro K . 0 
- 2Ncsl{CJct,r;2) - 1 :2 2 N 2csKwlgsin2 + N

2
sinKwctg

2 
+ 

1 csK0 ) +---4N2 . , M 
sin 2 
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I 111 :1 ,11011i ('Hie cyMMbl ..ra. 6y)l,eT'b OTJIH'IaTf,CH O'l"h U'l'Opon 

•1111 "1' 11 : l' l'Ol ' O paneHCTBa TOJlbKO T'tM'I" 'ITO BM'BCTO GJI 6y;(C'l"b 

l ~' l ' Clll ' l ' I , 1.1,. I l<t OCHOBaHiH pa3JI0'1teHiii 8THX'1 .D.BYX'b CpIMT, 

',I I I . l . 0 .,a v l . 0 ,,a2 r,r l . c.> 
" 1·s \ r.J gsin2-- 21 1 cs1i_GJ gsin2- ..::. cs1i_GJ gsin

2 
= 

( ) ~e ( f{ . • (,) f T,T 0 \ = UJ, +CJ,""' N sinKGJlgszn2-2NCS1i_OJCtg2J 

' •' 1 • 1 ,,1, 2 y; B 1IC . o> K . . riJ 1 csK0 ) 
I .'i - -'J \ N 2cs]{CJlgsin2 + N' szn]{GJlgsin2 +!JN' . ,@ 

/ 

sin 2 

0 2+r.i 2 

ll JIH, eCJIH 3aM'BHHM'1 
1 1. 2 2 qepen-tg8(CJ1 +w.) no COOT-

11ornerriro ( 40), 

2l:
8 

csKCJlgsin;- .Ia1 cs]{CJlgsin§.- .J:a2 csKwlgsin; = 

-(CJ,+ CJ2 ) { tg8.J:
8 

(p 2csKm-pctg8sinJ{w)lgsin; + 

+ ~ .Ie ( csKm t . 8 + 2KsinK@sin0tr;() + NcsKmsin0) 
L'l.N' ,,, g ,., .7 '" :I: • 2 /J • 2'UJ • 2 sin - sin - sin -

2 2 2 

C;rBn:. l1 rrp1rnen BHJJ:'1: 

pl sin381 2p e . ' 11 =-h 2 -[b(CJ, +CJ2)-8 ~e .I lpcsKCJ-ctqBsinKro) 
(lv0 ncs , sin ' 

. 1 . 0 2b(01 +02 ){ tg8 ,,8 csK(j) 2Ktg8 ~AsinKr.isinro x qszn- - - ..::. --- + - -""' + 
· 2 n: 4N2 

• ,r.i 4N2 
• 2m 

sin - sin ·-2 2 

+-1- ..£8csKfJlsin0} (57) 
4N . 2m 

sin -
2 

IlocJ1t.n.Hia TPH cyMMIJ MOrYT'1 6IiIT1 BaH)J,eHIJ. lJT0611 

yrrpoCTHT1 rrepsyro Il3'1 HIIX'b, B031MeM'b TOllieCTBO 

csK0 = 2cs(K-l)CJcsro-cs(K--2)ro 
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mrpaBe,n;;nrnoe rrpH BCJIKOM'b :a;1i.JIOM'.b J( H npOH3B0.[bHO.M'b 3Ha-

lJeHiH GJ, IIOCTaBHM'b B'b HeM'b 1-2 • {iJ 
sin 2 BM'llcTO CSGJ H 

pa3)l,'B.IIHM'b 06·.B liaCTH Ha sin 2~; IIO.Jry'IH!1n: 

csKriJ 
- .-(i) =-4cs(K-l)GJ + 9cs(K-1)riJ 
sin'- "" 2 sin 2'!! 

cs(K-2)riJ 
• 2(j) 

2 szn 2 

3aMtHa:a KrroCJl'B)J,OBaTenao 1Jepes'£ K -1 , K-2, ... 2, MllI 

IIO.JiyqHM'b Blll 'BcT'B C'b npe)l,'bHJl ylll,HM'J, BCer·o J(- 1 TOJR.eCTBO. 

. cs(K-1 )riJ cs(K-1 )riJ IlcK.rr101rnJ1 II3'b HFIX'b K-2 OTHornemn - , , .. 
• oriJ • •(j) sin·- sin -

2 2 
cs2(j) u csKriJ 
--, HaH,11;eM'b -- = -4.lcs(K-l)(iJ-4.2cs(K-~2)cJ-

• 2(j) • .(j) szn - szn -
2 2 

CSriJ 1 4.3cs(K-3)m-.... -4(K-l)csGJ + K-- -(K-1)-- . 
. 2(j) . 2(j) sin - sin -

2 2 

HJIH, 3aM1iHJIJI B'b rrpe)J,IIOC.Jit)J,HeM'b lJJieH'B CSGJ 1Iepe3'b 1-

2 
. • (j) - szn -2 J 

csK(j) = -4 l cs(K-l)GJ-4.2cs(IC-2)GJ-4.3cs(K-3)GJ - ..• • . "(j) sin· -
2 

H IIOTOMY 

1 -(4K-l)csw-2K+ -- , 
• 9 (j) 

szn · -
2 

,8 csK(j) 8 8 
~ - - =-4.UJ cs(K-l)m-4.24 cs(K-2)m-4.3 

sin 2 ~ 
2 

e _ e e 1 XI cs(K-3)m- ... -4(K-l)I csGJ-2KN+I --
. • (j) 

sin· -
2 

- 4_;3 -

u e 1 
I ld1 <'YMM Iii BTOpOH lJaCTli ItpoMt 1: - - Hhl'BlOT'.b 13H)l.'b 

• 2 (j) 
sin -

2 
-, 

,,I i 'Joi ll•I, 1•11:h ft :a;t.rroe lJHC.rro. Pas.Jrara.rr :ny rroc.JrTI,ll,HIOIO na 

iii ! i 1 }M~l l.1 

JI 
' i'.'ol /(,/ 

,. 8+27crr e ~ 2an k . e ~ . 2an 7 .... csa - - =csci- .... cs-- - szna-- .... szn -1c 
N N N N N 

11 1111.11.:1 y.11c1> <IiopMyJiaMH 

. N<p 
, N-1 szn 2 

'1 1;/,rp GS~<p--- H 

~ . . Ncp *) 
....sznkm=s· N-1 szn-r in - m 2 

sin~ 
e 

2 r --
sinP. 

2 

Ill it fl', I, 1 'M'I ,, 'ITO 1: csaGJ o6par:a;aeTca: B'b Hpr, rrpH a=i"'-'N. :E;c.rrH 

ir11 ;1 N, 'l' O l:csaGJ=IcsNm = Ics(B+2lcrr) = Ncse. TaK11M'b 

!i1•p 11!111 .111. , 1w1·11a P"Sl , N>k, B'b pa:.n:y cyMM'h nTopoii 'lac·rn 

\' 11 111 · 1. 11t' ()y;(CTb s 8 csNm, net 8TII cprnr,1 sa HCK.JII01JeaieM'B 

/' o()paT.flTCJI B'b Hy.Jrb H Mhl 6yii;eM'b HM1i'l'b 
(>) . ' 11111 ~ 

e 1 8 csK(j) - -2KN+:JJ -~((, \' ------ . ~ 
.... • 2 riJ sin 2 szn 2 

(58,a)' · 

11:1'.1111 .mn 71'> 1 H K>N, TO Me.ll'i.J\Y cyMMaMH BTOpoii lJaCTH 

e 
111•qd1·111 ·1·1·ll cyMMa-'1 (K-N)I csNm= -4(K -N)Ncse a 

'l'fll ']I a 

II 1 ·~ /1 Id \. . 
,,, . . 

N/JI '> 

e 1 - 2NK-4(K-N)Ncs8+1: --
sin2 ~ 

2 

(58,b) 

') 111.1110 , .•• llT ll X'J., •l•O(>M Y.111> n1omno n aihu B"b BhllIIeyuoMHHYTOH 
i'.11 11 i.!1 M11111t1prn11rn (•1•o pMy.1hl (22 ,) H (222)). 



I., 

1.1 

YHpOCT1'l'M'.b 110.11,06amwr, J.Ke o6pasOJ\n cyM~1y aaa~wnPrnyro 

u 8 S'inJ{(f) 
npe,L{'.bETJym;eH-1: --- ' l:WTopas1, XOT11 ll He l3XO,ll;ll'l''.b B'.b llCKO-

• '9 (i) 
sin- -

2 

MOe BI.IpaateHie l,, HO 6y Jl,8T'.b HaM'.b IIOJie3Ha upH O'l'IJCKaHiH 

.L{pyrHX'Ii JIBYX'Ii cyMM'.b ::iToro BI.Ipa1ReHi•r. HarmcaB'.h T01KeCTBO 

sinKGJ= 2sin(K-l)GJcsGJ-sin(K-2)CJ 

,¥. ') • • (j) saM·bHHB'Ii ll'h He11r1 no upe.irrHeMy CSGJ qepe3'h 1-~ sin 
2 

H 

pas,ll;'BJIHB'.b 06'1:; qacTH na sin 2 ~, 6yJ1,eM'Ii HM'BT.b 

sinK(j) ,, , . • ~= - 4sin(K-l)GJ+ 2sin(K--t)(j) _s1·n(K-2)(j) 
sin- - .• (j) (j) 

2 sin 2 sin" 2 

Ec.JJn m, 8TOM'h T01l.WCTB'll 6yJ1,eMn sa~·rl!HnTh J{ rrocJJt,n;o

naTenHo 11epen J{-l, J{-2, .. . 2, TO IIOJIY'IMM'.b BMtcTt C'.b 

rrpe,ll'.bll,11.Ym:MM'b BCero J{-1 TOJit8CTB'.b, HC!\JIIOqaa ll3D IWTOpI.IX'.b 

. sin(K--1 )w sin(K--2)(j) sin2w u 

OTHOII!8HIJ.I ----- • --- , Hall,U:8M'1 
.• w • 2 w • 2 (,) 

sin 2 sin 2 sin· -
2 

sinK(j) = -4sin(K-l)ro-4.2sin(K--2)GJ- · · · · 
• 2 w 

sin 2 

:H C.111>,ll. 

. sinrt) 
-4(K-l )sinw + K--

sin 2 ~ 
2 

8 sinKw 8 . () . 
1: -- = -4.11: sin(K-l)ro-4.21: sin(K-2)ro- ... 

sin 2 ~ 
2 

-4.(J{-1)1:
8 

sinw + 2]{1:e ctg ~ 

Ho, pasJiaraa cyMMY nMp;a 1:sin aGJ, rd> a eCTb n.tJioe 

·l:fl:ICJIO, Ha ,11,llt cyMMhl: 

•If> 

JI ' .~ / //(((,) 
/) i '.!./;ii 

~'si11a, .N 
. f) \' ~l/,1T I (/ \' . :!.((JI I smaN ~r·s1v ,,;+ r·sa N ...,,.,1 ,11 N "; 

11111m;liflM'1., 1w,1t·i. M pa1nrne, qTo na cyMMa rrpH a:=l=-N pauna 

11y 1111 , :t 11p11 n= N pauna NsinfJ, a noToMy no,11,06no rrpe.u:r,-

11 ;(y 111,l 'M y JI()./( Y'IHM'h 

,.rl 

, .11 ,11111 •·l 2 K1:
8 

ctg ~ rrpM p <1 
2 - 9) 

'" 5 "'11 e Ii) ( 
' ':l 2K1: ct9 2-4N1K-N)sine rrp11 p>l 

1111 l.11 1f,opMyJ111 (58,a), (58,b) H (59) y:nrn He TPYJ1,HO HaiiTII 

1 /1 ••>si11m 11 ynpOCTHT1 1:8 csKwsinw 

sin'~ 
2 

l•I . ' 1, 111 ':!. 

I h. caMoM·1, ,11.·Jrn·l; , MI.I Mo.11teM'b 1111can 

~,/Jn;J(r,isinw = ~ ~8sin(K+ 1)(j) _ ! 1:8sin(K-1)(j) 
.,w 2 .,w 2 .,m 

sin 2 sin 2 sin 2 
1,'fls,inJ(wsin(j) = ~ 1:8 cs(K-1 )w _ ! ,J;Bcs(K + 1) w 

.. ,w 2 .,,w 2 .• w 
sin - - sin - - sin -

2 2 2 

II (' ,11'lt)\., 1[0 <pOpMy.rnM'b (58)a), (58 b), (59)) 

(I , · fl (j) e w ~· l'SftWStn(u = (K + 1)1: ct,q 2-(K-1)2 ct,q 2+ 
. "w sin 2 

0 Ilpll p<l 

2 N(I< + 1-N)sine + 2N(K-1-N)sin81 rrpn p> 1 

};(} sinf(r.>sinw = -N(K-l) + N(K+ l) + 
.. , (j) 

sin - 2 
0 IlpII p<l 

- 'JN(l\-l-N)cse +2N(K+l-N)cs81 npH p>l 



mrn 
BcsK,,,,sin& 

2 (j) 

sin 2 2 

- 46 

e w 
22 ctg 2+ 0 IlpH p<l 

~ (lsinKwsin(j) = 2N + 
-' (,) 

-4Nsin8\ npH p> 1 

0 I rrpH p<l 

sin 2 2 + 4Ncsel npH p> 1 

(60) 

(61) 

8 sinKwsin(j) 
TarrnM'll o6pasoM'll lVm Ham.JIM 1: H npHBe.in1 

• 2 (j) 

sin 2 

.Se csKru 

sin 2 ~ 
2 

8 csKWsin(j) 8 1 8 (j) 
u 2 COOTBi>TCTBeHHO R'b 2 -- II 2 ctg2. 

sin 2 ~ sin 2 ~ 
2 2 

·q T06hI Haih'H 8Tli IIOCJI'li}J, 

Hoii: Euler'oM'Ii ·*;. 
BOCII0.11b3Y eMC.fl iiJopMYJIOii:, JJ,aH-

. 8 
sin-. _!!_ . 8+27T . B+47T . 8+2(N-1)n _ -1-_2 

sin '2N . sin 2N . sin 2N . . . . sin 2 N - - 2N-i , 

BO BTOpoii lJaCTH T:WTOj)OH Mhl ,ll;OJIJRHbI 6paTb nepxHiii: 3Hartn, 

n6o y HaC'Ii B<2rr H nC'l> c11HycllI nepBoi1 11acTH no,10;1rnTem.· 

Hhli a lIM8HUO BO :~bM8M'b J1 orap118M'b 06·.B nx·r, 11acTei1 81'01'0 pa

BeHCTBa n npo.n:mI)iiJepeF1u,npyeiln ou·I> qacnr JI,Ba pasa; TOr;i;a 

nocJl'l> rrepnaro )\Hcptf>epeHn,HpoBaHiJ1 noJiyqaeM1, 

1 8 w 1 ( 8 fl+2n 8+2 (N-1)n) e 
N~ ctg'2=N ctg 2N+ctg~+ ... +ctg 2 N =ctg2 

a rrocJit 1noparo 

8 1 _ _!_(-1 1 
2 ---- - N' · • 

N• . 2 w sin 
2
N sin 2 

1 + .... + fJ+2n 
fl sin' 2N 

J 
t ) = e -

+ H+2(N-J1n sin 2 -
• 2 2 sin 2N 

') Euler. Intoductio in analysin infinitornm. qaCTb I. 

- '17 --

11 p11 1wM0111v. :rrnx·1. <!JOPMYJI'L orw11 1JaTCJihIIO u:1i-iJ1,c.111·1. 11M1 

\(I I ,, /1 Id " Ocs f(r,> sin(j) CJI'b,n;. snaqeHia: 
II -" - . 

2 
f,) 

• ~ ( 1) 

:;/ II ':.i S?n 2 

,,II ''' '"·> __ 2NJ(+ _Jf_+ 0 rrp11 p<l 
. , 1,1 • ,e (62) 

'o il/ sin -· ~ 2 -4N(J(-N)cs8 rrpup>l 

, ,ll 1·s /1'1,1si11m 2N t 8 0 ni.rn p<l = cg-+ 
. • (,) 2 (63) 

8111 - l\T:. ~ -4.i.vsine npn p> 1 

I l111w111 ·11·1., IIO}J,CTaBJISH cyMMhI (61), (62) lI (63) B'b Tpe-

1 ii\ 11 '11 •11 ·1. 111.1 panw nia l, (yp. 57), noJiy'IHM'Ii 

1,1/1 )' 1·st1·r.1 f{fq. A ..,e sinKmsin,,,, 1 "'Bcsll(j)sinm pt e 
... - +-.,.:. +-.:. =--g+ 

\. ' • , r.i 2N · . 2 ,,, 4N . 2 ru 2 
8m 

2 
sin 2 sin 2 

8 
11111 ctg 2 0 p<l 

. 'ri' t- Jif.r;B+~+ 
. 1.~ 111 

':! 
- (p-l)sin8 +2psin8-sine \ p>l 

siil "n { _JJ_ 1 e 
"·'o I •·'''"e + + "e dg2 4sin'esin 2~ sinseT+ 

2 

0 p<l 

p csil ) 
sin 3ri P> 1 

11.1111 , ('l) e)l,llflJlll 1-hIH q,:reB'Ii Cb 4-M'J,, fl 2-fi C'b 3-:!II'I>) 

If/() ./' !Jsl("!_ + Ktg~ ~sin[{(r)sin@ +-1_ 2BcsK(r)sin(j) = 

I N' . ., (j) 2N2 
• 2 w 4N . 2 (j) sin 2 sin 

2 
sin 2 

si11afJ f f +____E_ [l npn p<l J l 
'.=!!'sll l , . .1 A sin 2f) f 

<JSZn -2 1+2cse npu p> 1 

II 1111. ()('llOl!ILlllR 8T01'0 paBeTICTBa 

I, 
, . 

I 

f1 11 l'u,... I 
sin "A l f 2p fl . . ,,, 

/J( w +Q, )- ,;i 1 l ~8.s (pcsKGJ-ctgflsinKGJ )lgsin-2+ 
1 CS L' sin 

_ 1_ +~[ 1 npn p<l l} 
I 

. ., fl sin 8 1+2cs8 n 1•1 H p> 1 
I 811 / -

2 
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J l 
/ .< -~ - \' 

HcrtJIIO'Ia.a Terrepb I:I3'b IlOCJI'BJJ.BllrO yp. ll yp. (56) MHO- ,-
,.., 

~ I 

sin"B .anne.Jib b(GJ, +CJ
2

) -

8
-, (JJ.JI.a qero A'B.iHIM'b 1-oe yp. Ha 2-oe), i\ 

cs I 
I ( 

MbI IIOJJ)''IliM'b 'I'O.ITblW OJJ.HO yp. 

' (I 
\) 

/ 

\ 
1 p 

1 
1 npIIp<l · ' 

~ + sin '8 ' l + 2 csflp> 1 ) + I r 
sin -

2 ' ) I 

2P fJ JG fl . Ir l . w 

.._ r/ 
l + -:-:-- 'ft J; ( prs C.J -- r-t,r; s1m, \ c.J) .r;sin 2 1 .. \ 

I 
) ; _) 

_!_ = __ .~111 - + --. I \ 
P , r o I 1 } 10 , 

/\: ' 
i l ' 7TJJ I'S/I 7T- ) ] t flt O' b~ Vo ipv - .-, . - + - c ,r; 9p(:rr- J '-' 0 s111 Hsi11prr l Ji J 

\ 
..._ ( 

M811tJJ.Y Tpe11rn Be.llH'JlmaMll ll ' P, I1 e. Crnrra~J II08'l'OMY e .n;aH-
/ I 

I J ( 

HbIM1,, MbI :rrroi1.1eJ11'h DIJ6pa'l'b l, npOII3BOJibBO 11 Tor.n;a P, orrpe- . '· / I 
,) 

I - \ 
\ \ I ,- ,\ 

( 1 
I 

.n;tmI'rc.a no upe.n;·i,n.n;y~eMy yp. Tart·i:., ec.n 11 noJIO,iKllM'h \ - y 
J I 

\ 

l =-i __ + _L_i 1 11p11 p<l 1 + ( ) 
1 

4 
.• A sin'fll 1 + '2.csf! rrpv. p> 1 I \ 

_/ . \ 
. sin 2 \~ '\ I 

\ r \' 

+ si~~e I 8 
( pcsKGJ - ctgflsinKGJ ilgsin ~ + 

\ I 
' / \ \1 

\ )--
I - ) 

( . ) , 

np'csp(n-8) { 1 } + . .,
8 

. 1 + - ctr;etr;p(n-f!) 
sin· sinpn p · · ' \ 

I· 1 
) 

) 
\, "--

TO 3Ha'IeHie P, 6y.n.eT'h 
({ I 

_, \ 

'· 
' 

'\ 

( 
_ 2np 2csp(n-8) { . ~ \ 

\ 

f v J 

~ -hov0 • 'fl . 1 + ctljfitgp(rr-fl) f (~·€' ( 
.._ s1,n sinpn p · . ; ' 

/, I ' r 
8TR cpopMy.m npuv., = h=(J=l npe.n.C'raB.rnIOT'.b cpopMyJ1hl, 

.\ 

I' \ 
( 

I \' ' /1 

.n:aHHr:.rn Merr~epcrt11M1> (TOJihKO 3JJ.i>Ch BM'BCTO a C'l'OHT'b p). 
(I 

v I I I 

' 
f I I ,I 

I I I I ' 

/ l ',' - '\ 
I '\ 

/\ - ( I ' I j 

I 
, I/ \ -( . ' ' ( I I .... '. 

·----,· ---~ ,~,-..--..--..,.... I 
\ 

' 'l 
-\ 

\ 

( I " -- \ r-:._, 

1/ ~ ,-
\ . 

- ~ \ .../ I.. 
I~ \ ~ 

I \ 

' r "-( I < I < - \ I 

, I ) 
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